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ABSTRACT

Transition metal carbides and nitrides (TMCNs) are materials that have attracted a lot
of attention for both theoretical and experimental studies. This is largely attributed
to their excellent physical and electronic properties that makes them ideal candidates
for technological and industrial applications. This study focuses on the structural,
mechanical and electronic properties of Niobium carbide (NbC) and Niobium Nitride
(NbN). Also, owing to their fascinating properties, this study investigated the effects
of defects and temperature on the mechanical properties of NbC and NbN from first-
principles. The study also investigated the effects of defects on the properties of the
two materials with concentration ranging between (1:56% � 12:5%) and temperature
ranging between 300 K – 1500 K. This is crucial since there exist no perfect materials in
nature and the materials are used under extreme conditions such as high temperatures
and high pressure. The calculations are performed on the rocksalt (RS), zinc blende
(ZB) and wurzite (WZ) structures of the two compounds through the density functional
theory formalism using generalized gradient functional approximation for the exchange
correlation potential. The obtained results show that the pristine NbC and NbN have high
values of elastic constants and mechanical properties in the range of 71 GPa – 815 GPa.
The values of the mechanical properties among them bulk moduli, shear moduli, Vicker’s
hardness as well as Young’s modulus decrease with increasing defect concentration (1.56
% - 12.5 %) and temperature (300 K - 1500 K). The results obtained show that
defect concentration of up to 12.5 % does not compromise the structural properties
of the materials and hence, they can still be used in various industrial applications.
Further, the temperature range of 300 K – 1500 K considered show that the materials
are still mechanically stable and can be suitable candidates in harsh environments of
high temperature. Consequently, control of defects and temperature especially during
synthesis of these materials is important in evaluating their mechanical response that can
drive them to be ideal for super-hard and other related applications.
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CHAPTER ONE

INTRODUCTION

1.1 BACKGROUND OF THE STUDY

One of the noble driving force behind theoretical modelling in the 21st century is the

need to develop novel materials with excellent properties. Many researchers aim to

design materials which suit specific industrial and technological applications, Matthias

(1953), Wang et al. (1999), Benkahoul et al. (2004), Jhi et al. (1999). This dream

has been realised by use of first principles calculations whereby key laws of Physics are

applied to determine the properties of materials, Yuji (2014). The electronic structure

calculations are used to predict the properties of materials since electrons are used as the

building blocks of a crystal. Also, the exponential development in computer technology

has significantly accelerated the studies as the research can be done faster and accurately.

The predictions made by first principles calculations have become more useful especially

with the backing up of experimental analysis.

1.1.1 Traditional hard materials

Currently, machining as well as cutting industries have witnessed some technological

developments which require wear resistant tools that can be used for cutting, drilling and

polishing surfaces, Upadhyaya (1996). These developments have emerged to replace the

traditionally used hard materials which include diamond and cubic boron nitride, Zhang

et al. (2014). For instance, diamond is used in abrasive tools as a result of its fascinating

properties among them high heat conductivity, high electron and holes mobility together

with high hardness, Kurakevych (2009). The high values of hardness are some of the

properties of these materials treated as a fundamental mechanical aspects of different

materials. At a macroscopic level, hardness defines the ability of materials resisting

indentation by another material or a scratch. Both diamond and cubic boron nitride are

termed as superhard materials with their hardness exceeding 40 Giga Pascal when tested

using Vickers hardness test, Tian & Zhao (2012). According to the Vicker’s hardness test,

diamond and cubic boron nitride have hardness of 115 GPa and 62 GPa, respectively.
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Other materials used in the hard metal industry even though with lower values of hardness

include silicon carbide (31 GPa), Šimůnek & Vackář (2006) and tungsten carbide (24

GPa). The hardness of these materials is as a result of both strong directional as well

as covalent bonds present in their crystal structures of materials. These are largely

responsible for the resistance to compression and bending of the bonds. These type of

materials are known as intrinsic superhard materials, Veprek (1999). On the other hand,

the extrinsic superhard materials have micro-structure responsible for their hardness

which hinder both creation together with movement of dislocations, for example, carbon

nanorods, Dubrovinskaia et al. (2005).

1.1.2 Hardness

In order for any material to be suitable in any industrial application, a variety of its

properties have to be investigated thoroughly. One of these characteristics which is

of great importance is its hardness. For a material to be considered hard, it has to

be resistant to any form of local deformations which may be dependent on pressure,

temperature together with extended defects such as dislocation. The deformation can be

demonstrated by exposing the material under consideration to some physical activities

which need application of force such as cutting, scratching, twisting and bending.

Hardness is an important mechanical property in the hard metal industry, Smith and

Sandly (1922). It can be investigated through several processes. One of the oldest

methods is Mohs Hardness which was developed in 1812 by a German mineralogist

Friedrich Mohs, Staples (1964). The property was investigated by observing if a material

would be scratched by another, Tabor (1954). The Brinell Hardness Test is also used.

For this case, a desktop machine is used in the application of definite load to a selected

hardened sphere with a specific diameter, Hill et al. (1989). Another hardness test is

the Rockwell method. Here, machine is used to apply a load with specified magnitude

and then the depth of indentation is recorded. For this to be realized, an indenter is

used which would be a steel ball with known diameter. Alternatively, a diamond-tipped

cone which is spherical in shape of 0.2mm tip radius, Hill et al. (1989) can be used. In

addition to these, the Vickers and Knoop Micro-hardness tests are also used to measure
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hardness. A small square diamond pyramid is used as the indenter as it is pressed into a

material under load, although this is prone to crack brittle materials, Smith and Sandly

(1922). However, there are theoretical methods that are appropriate when determining

the hardness and strength of a material. They include bulk moduli, shear moduli as well

as the elastic constants. The first method has already been performed in a previous study

by Korir et al. (2011) involving the 4d transition metal carbides and nitrides. The bulk

moduli generally illustrates the opposition to the variation of volume for a given material.

Similarly, the shear modulus shows the resistance to reversible deformation due to change

in shape. On the other hand, an elastic constant expresses the intensity of elasticity of

any given material.

1.2 TRANSITION METAL CARBIDES AND NITRIDES (TMCNS)

Transition Metal carbides and Nitrides are important and promising materials to be

used as alternatives to the traditional hard materials. These materials can be used in

the production of industrial items such as machining parts which involve shaping and

forming behaviors. For instance, according to, Amriou et al. (2003), TMCNs possess

both scientifically interesting as well as technologically important properties. These

compounds display various different types of bonding characteristics namely; metallic,

ionic and covalent. As a result, their unusual combination of bonding mechanisms is

manifested in various macroscopic properties such as ultra high hardness, high melting

points, wear resistance, resistance to corrosion as well as high bulk modulus. For instance,

a range of binary carbides are associated with micro hardness values lying between 2000

and 3000 kg/mm2 values which lie within the range of those of Al2O3 and diamond, Toth

(1971). For instance, Al2O3 has a Vicker’s hardness of 22 GPa, Nicholls et al. (1994) while

diamond has a higher value of 79.7 GPa, Dub et al. (2017). Other oxides with known

hardness include Fe2O3, FeO, Cr2O3with values of 3.27 GPa Yefei et al. (2011), 1.67

GPa, Yefei et al. (2011), 15 GPa, Nicholls et al. (1994), respectively. As a result of this

property, metal carbides and nitrides are used extensively as cutting tools together with

wear-resistant surfaces. Due to their excellent properties TMCNs can be used as thin
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films as utilized as diffusion barriers in either microelectronics or wear-resistant coatings

on engine components and cutting tools, Oyama (1996). The presence of these coatings

on materials usually increases their lifetime, thus reducing the cost of wear and tear and

replacement. Apart from the exciting physical properties, the TMCNs adopt a number

of crystal structures since they can crystallize in various crystal lattices to form various

structures. This occurs if the ratio of atomic radii of the nonmetallic to that of the

metallic atom is less than 0.59, Hägg (1931). Some of the resultant structures are cubic if

the ratio of metal to nonmetal is one. The first scenario results in the formation of Face-

Centered cubic sub-lattice whereby the atoms of the nonmetal occupy the interstitial

position resulting to NaCl-structure, for example, NbC and NbN, Isaev et al. (2007) as

shown in Figure 1.2.1 where the big balls represent the Niobium element while C/N are

represented by the small balls. Moreover, the zinc blende structure can be formed as

illustrated in Figure 1.2.2 with Nb being the red balls and green balls are the C/N atoms.

Lastly, hexagonal crystal structures can be formed as illustrated in Figure 1.2.3. The

grey balls are the Niobium atoms and yellow balls are the C/N atoms.

Figure 1.2.1: An illustration of rock salt crystal structure where the red and purple
balls represent Niobium and C/N, respectively, Raja & Barron (2022)
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Figure 1.2.2: An illustration of zinc blende crystal structure where the red and green
balls represent Niobium and C/N, respectively, Mlinar (2007)

Figure 1.2.3: An illustration of wurzite crystal structure where the grey and yellow
balls represent Niobium and C/N, respectively, Desai (2008)

1.3 NIOBIUM NITRIDE

Group IVb as well as Vb together with carbon and nitrogen as light nonmetallic materials

make strong solids which exist in different crystal structures such as rocksalt, zinc blende

and wurzite structures Toth (1971). For instance, Niobium Nitride is formed from a

Niobium metal and nitrogen as the nonmetallic element. Transition metal nitrides are

some of the group of compounds formed by these elements and these have captivated
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alot of attention from many researchers as a result of their properties together with

applications. These nitrides have distinct applications such as in areas where hardness

is a requirement, Koseki et al. (2015), Hones et al. (1999), Musil (2000) and Polcar et

al. (2008) due to their excellent mechanical properties which include high values of bulk

modulus as well as large hardness. For instance, the bulk modulus of NbN, HfN and ZrN

are 354, 306, 285 GPa, respectively while the hardness values of these systems are 20.0,

19.5, and 17.4 GPa Xiao-Jia et al. (2005). These materials are also applied as protective

coatings, Polcar & Cavaleiro (2010) and Samano et al. (2010). They have excellent

thermal stability and are resistant to corrosion as well as having high melting point,

Koseki et al. (2015), Musil (2000), Zhang et al. (2015) as well as Seo et al. (2004). Other

applications include hard coatings which is associated with their excellent mechanical

properties such as NbN, Benkahoul et al. (2004).

Early transition metals form stoichiometric nitrides which crystallize in different

structures, for instance, the rocksalt, Zhang et al. (2016), zinc blende as well as hexagonal

structures, Wen et al. (2009) and Benkahoul et al. (2004). Early trnasition metals are

elements sitting on the left hand side of the periodic table and form the first half of

the transition series. They include elements from group 3 to group 7. However, the

compounds exist with substantial levels of vacancies, Toth (1971), Holleck (1986) and

thus, studying defects is crucial. This study reports on the three crystal structures of NbN

indicating that temperature as well as defects which are some of the growth conditions

have significant influence on the crystal structure. The crystal structure is defined by the

arrangement of atoms in a crystal whereby the arrangement of the atoms which is the

basis is associated with each lattice point. However, the nitrides exist in the rock-salt

structure over large composition range. This is supported by performing simulations

with defects. For instance, TiNx in the rocksalt structure has been synthesized for a

range of values of x from 0.67 to 1.3, Balasubramanian et al. (2018a). This study showed

that point defect concentration of certain ranges results in compositional variation of the

nitrides, Shin et al. (2003), Shin et al. (2004), Lee et al. (2005) and G. Smith et al. (1999).

Although NbN exist in stoichiometric structures and the presence of vacancies is
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inevitable, the nonmetal deficiency tend to be the source of nonstoichiometry in these

materials. The control of the stoichiometry by these deficiencies as well as effects of

the vacancies on the mechanical properties are important especially when designing hard

materials based on NbN, Balasubramanian et al. (2018a).

Cubic �- NbN which exists in the sodium chloride structure has been a highly studied

structure of the nitrides since it gives rise to superconducting materials. During

superconductivity process the transition temperature (Tc) of the solid solution of either

NbN or NbC reaches a value of 17.8 K, Matthias (1953). Regardless of the value of (Tc)

of the nitride being a lower value, the system has high hardness as mentioned earlier

which makes it possible for the compound to be used in specific electronic applications.

For example, the superconducting behaviour of NbN is applicable in low temperature

superconducting electrons which include tunnel junctions, Zhen et al. (1999) as well as

nano-structured single photon detectors as illustrated in Figure 1.3.1 , Wen et al. (2008).

Figure 1.3.1: Experimental set up of single photon detector made using NbN, Yefei et
al. (2011)

1.4 NIOBIUM CARBIDE

Apart from nitrides, carbides are also of great interest. Niobium carbide is a system

composed of metallic Niobium and carbon as the nonmetal. The system exist in both

cubic and hexagonal crystal structures which include rocksalt, zinc blende and wurzite
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structures. The latter is the hexagonal while the first two are the cubic structures,

Cuppari & Santos (2016). Several research works have paid attention to several IVb and

Vb TMCs among them NbC due to their outstanding properties that include mechanical,

high thermal and chemical properties, Seung-Hoon et al. (2001), Kral et al. (1998)

together with Conklin et al. (1968). Here group IVb and Vb refers to the group of

the transition metal that combines with a non metal to for the TMC. These materials are

also known as refractory materials due to their high values of melting points and metallic

in nature. Following these excellent properties, NbC has found various applications such

as in cutting tools as well as grinding tools which is a major industrial application of

this material. Moreover, due to high value of melting point (3610 �C), high values of

hardness due to their mixed covalent-metallic-ionic bonding and resistance to chemical

attack, Sen (2004), Nedfors et al. (2011), NbC is used as reinforced phase as applied in

iron matrix as well as hard coating for wear resistant materials. The materials are also

used as diffusion-resistant thin-film coatings especially in microcircuit devices, Williams

(1998). Altogether, the above named properties ensure that these materials are suited

for structural applications even at high and extreme temperatures where strength is

required.

The TMCs are characterised by complex chemical bonding formed by the metal and

the carbon elements which is evident in the combination of their physical properties.

However the carbides have simple crystalline structures. For instance, NbC exist in

substoichiometry form in different structures such as rocksalt, zinc blende, hexagonal

among others. At near equal parts of TM and the carbon, the system exist in

rocksalt structure. The rocksalt structure is stable, Yu et al. (2015). However, these

substoichiometry forms are achieved if there is presence of carbon vacancy. For group

VB materials such as NbC and TaC, the FCC structure is maintained when the carbon

loss does not exceed approximately 25 % at elevated temperatures. On the other hand,

at low temperatures carbon loss can result into precipitation of the Me4C3. Incase of

further carbon loss, precipitation of faulted metal-rich carbide occurs and several phases

such as Me4C3 as well as Me2C form. These metal-rich carbides do not maintain the
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FCC metal ordering. Thus, the study of defects is very crucial when understanding the

properties of these TMCs. This has been confirmed through different approaches used to

prepare NbC. The major methods include magnetic-controlled sputtering, Nedfors et al.

(2011), self-propagating reaction, Yangsheng & Gregory (1995), atomic layer depositing,

Klug et al. (2011) among others.

According to Cuppari & Santos (2016), a lot of work has been done on metal carbides

whereby researchers have studied the systems extensively since 1960s. This work noted

that both crystal structures as well as chemical bonding have been used to explain the

main characteristics of these systems. However, there are phenomena that are still not

well understood and need some attention. For example, TiC together with WC have found

technological relevance and are some of the carbides widely used in the industry. On the

other hand, the technological relevance and use of some TMC such as NbC has been

neglected. This is regardless of the material influencing the microstructural evolution of

steels and cast irons during their processing and on the final properties of these materials.

1.4.1 Applications and challenges of traditional hard materials

Technology development is one of the aspects that has been on a rapid rise recently due to

constant pursuit of materials that are more improved and possess both high efficiency and

durability. Some of the areas that have been affected are power generation together with

aerospace, Boyer et al. (2015). In these areas Ni-based alloys have been considered as the

traditional structural materials fit for the applications. Unfortunately, the materials have

been faced with challenges such as physical limits, whereby their maximum operational

condition are effective up to some range of high temperature � 1200�C Soboyejo (2006).

According to Soboyejo (2006), high temperature coatings as well as sophisticated cooling

systems can be used to raise the operational condition of materials to 1500 �C. For this

to be achieved materials with high melting point, strength and resistance to oxidation

are required. Thus, there is an active search for materials that can be used at high

temperatures and for this reason, NbC and NbN being refractory materials are potential

candidates. Moreover, in areas such as hard metal industry,the traditional structural

materials such as diamond have some limitations which makes them inefficient in some
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applications. For example, diamond has limited applications in machining ferrous alloys

especially at high temperature. This is because at high temperatures C tend to dissolve

into Fe and in return the tip is rendered ineffective, Shih (2000) and Ikawa & Tanaka

(1971). Thus, in the recent years, researchers have focused on high-temperature niobium

alloys whereby silicide and carbide are used for hardening the materials. This is done

with the aim of replacing the nickel-aluminium superalloys applied in gas-turbine motor

building, Karpov (2018), Karpov et al. (2012), Svetlov et al. (2017). The hardened

niobium alloys have high melting points which allow design of materials that can operate

at high temperatures such as 1500 �C. These operating temperatures are much higher

compared to 300-350 �C which is the temperature range at which nickel-aluminium

superalloys operate. Due to this limitation, there is a clearly need to develop other

materials that can be used at high temperatures. This therefore requires that the

materials chosen should not only have high melting temperatures but should also have

high strength and stiffness together with high oxidation resistance when operating at

high temperatures. Additionally, the material should have adequate mechanical behavior

when being used at room temperature, Woodward et al. (2010), Kirchner et al. (2011).

Several works by Nedfors et al. (2011), Wang et al. (2009), Yang et al. (2014), Benkahoul

et al. (2004), that consider both NbC and NbN on mechanical properties have been

performed which supports the high strength requirements of these materials. Obtaining

properties such as elastic tensor through experimental methods is challenging owing

to the difficulties experienced in synthesizing and working at high temperatures. In

this regard, several ab-initio methods have been tested and confirmed to offer viable

alternative approach that can be applied to obtain very critical properties related to the

mechanical properties of a system. Various DFT-based ab-initio techniques have been put

into practice by use of total energy, Bercegeay & Bernard (2005), stress-strain, Ganeshan

et al. (2009) together with density functional perturbation theory approaches, Baroni et

al. (1987).
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1.5 STATEMENT OF THE PROBLEM

Presence of point defects such as vacancies is known to impact the stoichiometry of

the crystal and to a large extent other pertinent properties. Thus, there is a need to

understand the formation techniques, diffusion behaviours and other growth dynamics

and mechanisms of defects in a material. Transition metal carbides and nitrides have a

lot of uses in industry, but their mechanical properties are significantly affected by defects.

Thus, knowledge gained will guide the optimization of the desired properties. This arises

from the fact that nonmetal vacancies tend to be the source of the nonstoichiometry in

materials. Apprehension of the impact of the vacancies on the mechanical characteristics

is crucial when designing hard materials. For instance, the effect of anionic vacancies on

the mechanical characteristics of TMCNs is still an open question. This is because the

vacancies are expected to reduce the number of chemical bonds and hence the strength

of the materials although the hardness of TMCNs violates this picture of coordination

counting. From earlier studies, mechanical strength is enhanced when vacancies act as

pinning centers which inhibit dislocation motion. Also, the hardness of systems behave

extraordinarily when two unsaturated electronic bands appears near the Fermi level which

respond oppositely to shear stress, Seung-Hoon & Jisoon (1997).

In ultra-hard and related industries, equipment operate at high temperatures and pressure

which may affect the performance and durability of components. Moreover, the synthesis

of the TMCNs require high temperature as well as high pressure, Ningthoujam &

Gajbhiye (2015) under such conditions formation/occurence of defects is inevitable.

However, the effect of defects and temperature on the mechanical performance and

integrity of carbides and nitrides such as NbC/N is not well understood. In addition

most studies overlook such aspects since it can be complex and expensive. Hence, there

is a need for predictive studies that can guide future experimental work.

According to earlier studies by Seung-Hoon et al. (2001) and Yu et al. (2015), the

mechanical properties of nitrides decrease with increase in vacancy concentration while

for the carbides, as the vacancy concentration rises the values of mechanical properties
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also increases. However, it is not clear why there is disparity in response to vacancy

concentration for these two classes of materials. This is regardless of the two compounds

possessing almost similar bonding structures. Thus, this work will investigate the impact

of vacancy concentrations on the mechanical characteristics of Niobium Carbide together

with Niobium Nitride in three different crystal structures, namely, rocksalt, zincblende

and wurzite. The study will elucidate the origin of the anomalous behavior of the

mechanical properties by using the electronic structure methods. Experimental synthesis

of stoichiometric transition metal nitrides has been a challenge over years. The difficulty

is attributed to the high kinetic barriers of the TMNs which limits the formation of

stoichiometric nitride. These barriers include dissociation of N2 as well as exhibition of

loss of nitrogen at high temperatures, Zhang et al. (2016) which results into formation

of point defects. Thus, experimentally synthesis of NbN is difficult without the presence

of some defects. Hence studying the effects of defects on different properties of a solid is

crucial.

Several studies have been performed on both NbN and NbC at zero temperature.

However, high temperature studies on how the mechanical properties of these materials

are affected by high temperature using molecular dynamics simulations are relatively

scarce. Currently, there are very few studies touching on the determination of elastic

constants and hardness characteristics of NbC and NbN at high temperatures, but their

findings are still inconclusive.

1.6 JUSTIFICATION OF THE STUDY

NbC and NbN are considered to be among the most important materials in the hard

metal industry due to their excellent mechanical, physical and electronic properties. The

materials have been found to be mechanically robust due to their high bulk modulus and

Vicker’s hardness, Korir et al. (2011), Muchiri et al. (2019), Isaev et al. (2007), Lailei et

al. (2013), Kim et al. (2009) and Andrievski et al. (1991). Hard materials are important

especially in applications where hardness is a necessity. Thus, there is a necessity to

develop new materials that are cost effective with superior performance compared to the
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traditional hard materials such as diamond, boron nitride and silicon carbide to cater for

the demand. However, such improvements and developments can only be realised when

the viability of these materials is tested through rigorous research entailing experimental

and/or theoretical methods. Owing to recent advancements of more robust computational

methods and resources, properties of these materials can be determined accurately via

computer modelling. In particular, properties of pristine as well as NbN and NbC with

point defects and operating at elevated temperatures can easily be probed using first

principle studies. In this study, first principles calculations were performed so as to

obtain all the desired properties. For instance, the study applied ab-initio molecular

dynamics (AIMD) to determine the effect of temperature on the mechanical properties of

NbC and NbN. ab-initio molecular dynamics approach is used due to its accuracy and its

ability to determine properties at high temperature, Kresse & Hafner (1993a), Woodward

et al. (2010), Kirchner et al. (2011), Hafner (2008).

1.7 OBJECTIVE

1.7.1 General objective

To investigate the effect of vacancy defects and temperature on the mechanical as well

as electronic properties of Niobium Carbide together with Niobium Nitride in rocksalt,

zincblende together with wurzite crystal structures.

1.7.2 Specific objectives

The objectives of this work are:-

1. To determine the structural properties of NbC and NbN such as lattice parameters,

bond lengths and bond angles.

2. Analyse the effects of vacancy concentration between 1.56 % and 12.5 % on the

mechanical properties as well as the electronic properties of Niobium Carbide and

Niobium Nitride.

3. Calculate the vacancy migration energy in both NbC and NbN systems.

4. To evaluate the effect of temperature between 300 K and 1500 K on the mechanical
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properties of Niobium Carbide and Niobium Nitride from ab initio molecular dynamics

simulations.
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CHAPTER TWO

LITERATURE REVIEW

2.1 TRANSITION METAL CARBIDES AND NITRIDES

The need for hard materials has grown exponentially in the recent past, and this has

been the driving force among the researchers for the past few decades. Most of the

research work has been focused on the synthesis of materials whose hardness is allied to

that of diamond along with cubic boron nitride. These discovered super-hard materials

are anticipated to possess excellent mechanical properties such as high bulk modulus,

hardness, high refractive index as well as high shear modulus. The super-hard materials

have Vicker’s hardness that exceeds 40 GPa, Haines et al. (2001). The compounds that

have been considered as potential candidates consist of elements such as carbon and

nitrogen and transition metal carbides, nitrides and oxides, McMillan (1999). These

compounds have been selected due to their extreme hardness, chemical inertness,

and the increased demand for hard materials in the cutting, drilling, polishing and

related industrial applications. Both experimental and theoretical research studies have

established the TMCNs to be potential candidates for super hard materials due to their

high cohesive energies and bulk modulus.

Among the refractory compounds, TMCNs have been of interest due to their fascinating

properties. Both theoretical and experimental studies have revealed that these materials

are associated with unusual covalent, metallic and ionic bonding mechanisms which is

thought to be the cause of unusual properties. The �-bond of the states existing between

p orbitals of N/C and the d orbitals of transition metal resists shearing strains resulting

in an unusual enhancement of hardness in these materials, Jhi et al. (1999). Pang

et al. (2023) observed that the covalent bonds in the carbides are responsible for the

high strength of these materials. For instance, TMCs in rocksalt structure are used in

cutting tools as the coating metal, optoelectronic devices, low temperature fuel cells as

well as magnetic storage devices, Eck et al. (1999). This behavior has motivated several
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researchers to study both the cohesive energies and bonding mechanism in TMCNs. For

instance, Fernandez et al. (1992) and Korir et al. (2011) examined the cohesive energies

of the 4d transition metal carbides. According to Korir et al’s findings, NbC and NbN

are among TMCNs with highest values of cohesive energies and bulk modulus and thus

regarded as super-hard materials.

2.1.1 Niobium Carbide

NbC is one of the transition metal carbides that is of scientific interest due to its various

industrial applications. NbC is considered a versatile compound due to a combination

of its physical, chemical, electrical and mechanical properties including high hardness,

good electrical conductivity and high-temperature strength, Rathod et al. (2011). These

properties arise due to interaction of different types of bonding including metallic, ionic

and covalent as mentioned earlier. They provide unusual combinations of bonding

mechanism which manifest in some important macroscopic properties. In the case of

mono carbides, the overall bonding nature associated with it is covalent i.e between the

carbon and metal states. However, ionic character also exist whereby there is transfer of

electrons from Nb to C atoms, Klein et al. (1980). Furthermore, the metallic bonding

which form short bonds make the transition metal carbide to be super hard. As a result,

the mono carbides have various applications such as in high-temperature structural

materials and they are also used as hard constituents in metal matrix composites.

Moreover, there are technological applications of NbC such as developing wear-resistant

coatings used in ball bearings and cutting machine tools, Cuppari & Santos (2016) and

Stampfl et al. (2001).

According to Weber (1973), extreme physical properties of ZrC, NbC as well as HfC

studied from lattice dynamics are associated with the strong covalent bonds existing

between the transition metal and carbon atoms. Mohammed et al. (2023) identified the

matallic and covallent bonding in NbC as well as the mechanical stability. On the other

hand, Isaev et al. (2007), studied the phonon related lattice dynamics on body centered

cubic (BCC) Vb-VIb TMs, monocarbides as well as group IIIb-VIb transition mononitrides
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from first principle density functional perturbation theory and they established the

systems to be dynamically stable.

Several researches have identified different physical properties of NbC. For

example, strain-induced NbC precipitation result into softening retardation in the

thermomechanical process involving a high-Mn twinning-induced plasticity of steel

microalloyed together with Nb at 1000oC, Llanos et al. (2015). According to Zhi et al.

(2008), the addition of Nb to hypereutectic high chromium cast irons result into formation

of NbC in the process of solidification as the liquid looses some carbon content. This

results into carbides refinement as well as morphology of theM7C3 changing with carbide

becoming more isotropic. This supports the fact that NbC is an important compound

in ferrous alloys. One of the major reasons associated with limited applications of NbC

is its poor sinterability and synthesis techniques that include spark-plasma sintering and

hot pressing which have been proposed as a way forward with Co being incorporated,

Woydt & Mohrbacher (2015). The study showed that pristine NbC with 8% Co has

high wear resistance. This allows the compounds to compete with typical hard metals

in various applications and ceramics. Different approaches have been used to prepare

NbC that include direct high-temperature reaction, self-propagating reaction, Munir

(1988), carburization of niobium oxides, Shimada et al. (1983) as well as atomic layer

deposition, Klug et al. (2011). The carburization process is a heat treatment procedure

whereby either iron or steel absorbs carbon as the metal is heated in the presence of a

carbon-bearing material, for instance charcoal or carbon monoxide. The process affects

the surface of the material as its intent is to make the metal harder and more wear

resistant, Shimada et al. (1983). From these experiments, it was noted that crystals of

niobium carbides exist in substoichiometry and carbon vacancy was also found to exist

in these crystals.

NbC has various applications that include hard metal industries, technological

applications among others, Nedfors et al. (2011). Noble metals with low electrical

resistance are commonly used for coating the electrical contacts although they have high

costs as well as poor wear resistance. This challlenge can be solved by use of NbC as the
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coating since the compound is electrically conductive and has high wear resistance.

Several works have been reported about NbC on their compressibility as well as elastic

properties. Chen et al. (1988) used the method of total energies to determine the

mechanical properties of NbC. In this study, it was noted that the bulk modulus of NbC

is 332 GPa while in other studies such as Isaev et al. (2007) using the first principles

calculations, the system was reported to have a bulk modulus of 301 GPa. Moreover,

Lailei et al. (2013) used the indirect calculation to obtain a value of 299 GPa as the

bulk modulus of NbC. Apart from zero temperature calculations, some studies have

also considered high pressure. For instance, Kim et al. (2009) studied the bulk NbC

system and obtained Vickers hardness of 22 GPa together with a fracture toughness of

7MPam
1
2 . The high-energy ball milled NbC powder was sintered at high frequency using

induction-heated sintering method. Moreover, according to Song et al. (2022), the bulk

modulus of NbC is 305 GPa, the Young’s modulus is 533 GPa while the shear modulus

is 221 GPa and a value of 0.21 for the Poisson’s ratio.

Recently, Lailei et al. (2013) applied density functional theory to explore the elastic

properties of B1 of selected TMCNs and established that the systems have outstanding

mechanical properties due to the complex chemical bonding comprised of metallic, ionic

as well as covalent. Similarly, Chen et al. (1988) studied the elastic constants of NbC

in the rocksalt structure and found the system to have high values. For instance, the

bulk modulus was obtained as 332 GPa, which was comparable to experimental value

of 340 GPa. C11, C12, and C44 were found to be 640 GPa, 180 GPa and 140 GPa,

respectively against experimental values of 620 GPa, 200 GPa and 150 GPa, respectively.

Other studies have investigated the effect of temperature and defect concentration on

the mechanical properties of carbides. In particular Jun et al Jun & Shaffer (1970),

explored the elastic moduli of carbides such as NbC0:95 and TaC0:99 and showed that it

tend to decrease with increase in porosity. For example, the Young’s modulus of NbC0:95

and NbC0:964 are 4:781x1012 dynes=cm2 and 4:8841012 dynes=cm2 at room temperature.

At high temperature, both Young’s modulus and shear modulus decreases. Further,

Sangiovanni et al. (2021) investigated the effect of temperature on the mechanical
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properties of refractory carbides and results obtained show that the elastic constants

of the TMCs decrease with increasing temperature with exception of C12. In addition,

according to Valeeva & Gusev (2021), the elastic constants of disordered NbCy decrease

as the niobium carbide composition deviates from stoichiometry. The deviation from

stoichiometry is also accompanied by decrease of the elastic anisotropy of the material.

Zhao et al. (2019) observed that as the decrease in carbon carbon increased the hardness

for NbC1:0 and NbC0:5 from 8 GPa to 12 GPa. Also, Balasubramanian et al. (2018b) from

the First-principle calculations, ductility of carbides and nitrides increase with increase

in the valence electron concentration. Another observation by Shi-Yu et al. (2022) shows

that the brittleness of carbides decreases with increase in valence electron concentration.

2.1.2 Niobium Nitride

Similar to NbC, the electronic properties of NbN have also been reported widely by

Amriou et al. (2003), Isaev et al. (2007) and Lailei et al. (2013). Much emphasis has

been on the electron states of the elements involved in bonding. For example, the 4d

state of Nb and 2p state of N leads to formation of covalent bonds which contribute to

promoting the hardness of the material, Klein et al. (1980). NbN is a TMN which exhibits

interesting properties such as high hardness and has been studied by several researchers.

For instance, nanostructured films of NbN are used as wear-protection coating on cutting

tools. This is due to high hardness and corrosion resistant. The hardness of the films

has been found to be higher than that of the bulk material. For example, the hardness

of the films deposited by arc deposition systems ranges between 34-49 GPa as reported

by Andrievski et al. (1991) and Bendavid et al. (2003). These values ranges between

13.3 - 20.0 GPa for NbN in rocksalt structure, Friedrich et al. (2011). The mechanical

properties have also been studied using Vickers indentation method and bulk modulus

where it has been found to be close to those of cubic boron nitride, Zhigang et al. (2008).

Moreover, mechanical properties of NbN have been studied in detail using DFT by Wang

et al. (2009), which established that the mechanical properties of NbN are connected

to their electronic structure. Bulk modulus of 313 GPa and 310 GPa were obtained for
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the cubic and hexagonal NbN structures. Other works related to NbN focus on bulk,

electronic as well as structural properties such as bonding Amriou et al. (2003), Lailei et

al. (2013). Stampfl and co-workers Stampfl et al. (2001), have extensively discussed the

bulk moduli, lattice constants, cohesive energies and densities of states of 3d, 4d and 5d

TMN in the rocksalt structure.

Point defects such as cation and anion vacancies together with interstitials have an impact

on the properties of TMNs. For instance, according to Kubel et al. (1988) and Mei et

al. (2015) cation and anion vacancies in semi-metallic ScN induce metallic conduction as

a result of the vacancies acting as dopants of n- and p-type. Similarly, vacancies cause

an increase in elastic moduli of NbN, Kindlund et al. (2013). Also, experimentally the

presence of point defects in TMNs such as NbN has been reported in various works such

as Kindlund et al. (2013) and Sangiovanni et al. (2016) implying that point defects such

as cation and anion vacancies as well as anion interstitials are present in these nitrides.

High hardness is one of the significant property of this compound that plays a key role in

its applications. This has resulted into considerable efforts being devoted to determining

the mechanical properties of NbN Fan et al. (2006). For instance, Wu et al. (2005) and

Fan et al. (2006) determined the hardness of NbN by use of Vickers indentation method

to study the mechanical properties of � � NbN which showed that the compound has

Vicker’s hardness that is close in terms of magnitude to sapphire while the bulk modulus

was found to be close to that of cubic boron nitride. Other studies have identified ideal

strength which is the critical stress at which structures of ideal crystals become unstable

seem to provide a greater understanding of the hardness of these materials as well as

mechanical behaviours when under large strain Jhi et al. (2001) and Zhang et al. (2007).

Several studies on TMNs have been carried out to determine the effects of temperature on

various properties. For example, Fu et al. (2015) performed MD simulations on TiN (001)

so as to investigate the deform behaviour of this system for the temperatures between

0 K and 300 K and it was found that the hardness of the system tend to decrease with

increase in temperature as a result of migration of slips taking place at high temperature.

Other studies investigating the effects of temperature and defects have been reported.
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Ruicheng et al. (2018) analyzed the elastic constants of 
-TiAl using molecular dynamics

method at high temperatures and varying vacancy concentrations which showed that

the elastic modulus of the single crystal decrease with increase in temperature and

vacancy concentration. In addition, Steneteg et al. (2013) studied the elastic properties

of TiN at room temperature and elevated temperature of 1800 K that corresponds to the

operational conditions when these materials are used as cutting tool coatings. The elastic

constants of TiN was found to decrease as the temperature increase in nearly a linear

trend. This represents normal temperature dependence as a result of anharmonicity. In

particular, the C11 elastic constant was found to strongly dependent on temperature as

the values decrease by 28% as the temperature rises from room temperature to 1800 K.

Similarly, there was 20% to 25% decrease of bulk modulus, shear modulus and Young’s

modulus within the same temperature range. Despite the significant amount of work

on transition metal carbides and nitrides, open questions still exist which are yet to be

handled. For instance, it is still not clear how anionic vacancies at low concentration below

25 % affect the mechanical properties of NbC/N. Also, depending on the applications

of these materials the most appropriate mechanisms that can help in controlling the

levels of these defects is still not clear although the information is relevant in tailoring

the materials for mainstream applications. Moreover, materials are normally used at

elevated temperatures which is generated in the process of their use and as such the

information on the impact of temperature on the mechanical characteristics as well as

defect diffusion energy are limited although they are necessary in understanding the

behaviors of these materials. According to Xinyu et al. (2021), nitrides are mechanically

stable and ductile. Alexander et al. (2016) studied the mechanical properties of NbN

and established the high values of hardness of 28 GPa which agree well with other studies.
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CHAPTER THREE

THEORY

3.1 INTRODUCTION

This chapter provides background information on the simulations performed as well as

the general principles of the method used as implemented in the computational codes.

Both Quantum ESPRESSO (Quantum opEn Source Package for Research in Electronic

Structure Simulation and Optimization), Giannozzi et al. (2009) and Vienna Ab-initio

Simulation Package (VASP), Kresse & Hafner (1993b) codes were used to study the

different properties of the materials considered. In this study, structural, electronic and

mechanical properties of both Niobium Carbide as well as Niobium Nitride in rocksalt,

zincblende and wurzite crystal structures have been investigated via density functional

theory approach.

3.2 MANY BODY PROBLEM

The discovery of electron by J.J. Thomson in 1896, Thomson (1897) offered an

opportunity for scientists to develop models and theories that can define electrons

and their interaction. According to the Thomson model, the electrons are randomly

distributed in a sphere occupied by positive charges. Later, there was an improvement

of this model by Rutherfold who came with a model that describes the components of

an atom including electrons, protons and nucleus, Rutherford (1911). The electrons and

the ions are the major components of an atom which collectively make up the crystals

and they provide the fundamental understanding of any material based on the electronic

structure. Between the two major components of an atom, the electrons play a key role

in determining the characteristics of a material. Thus, salient information about different

properties of matter can be derived from the study of electrons using different models.

The electronic structures can either be determined at ground state or the excited state,

Martin (2004). Figure 3.2.1 is a representation of the Thompson atomic model which
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shows that an atom is made of electrons which are surrounded by positive charges.

(a) Thompson atomic moodel (b) Rutherford model

Figure 3.2.1: Illustrations of Thompson atomic model and Rutheford model, Classes
(2017)

Apart from simple atoms such as hydrogen, many others that are of fundamental

importance consist of large number of electrons. Therefore, the need to describe these

many-particle systems has existed as an important goal among theoretical physicists for

many years. There have been numerous attempts to describe the many-particle systems

fully just as if one is describing a one-electron system and obtain the exact solution

based on the Schrödinger equation (SE). However, solving the Schrödinger equation of

a many-particle system is challenging compared to that with few electrons due to the

difficulty in solving the equation exactly numerically. This challenge has motivated the

use of approximation techniques that have made the solving of SE possible although the

accuracy is sacrificed in the process, Martin (2004).

Electronic structure methods emerged as a workforce for predicting the properties of

solids, molecules amongst other forms of matter. The electronic structure methods used

to determine these properties include Density Functional theory (DFT), Quantum Monte

Carlo (QMC) and molecular dynamics which are the common techniques employed in

these studies, Hohenberg & Kohn (1964) and Kohn & Sham (1965).

In quantum mechanics, the wave-like property of a system is described using the time-

independent Schrödinger equation. The eigen values of all the energy states are specified

using the Hamiltonian equation given by equation 3.2.1, we have;

H i
~(r) = Ei i

~(r) (3.2.1)
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 , ~r and E represent the wavefunction, position and energy, respectively, in the ith

position.

Here the Hamiltonian of the system is given as in equation 3.2.2;

H = � ~2

2m
r2 + V (~r) (3.2.2)

where ~ = h
2�

h = Plank’s constant

m = mass of the particle

V ~(r) = potential energy of the particle in the electrostatic field

When only one electron is involved such as in a hydrogen atom, the Schrödinger equation

can be solved as in equation 3.2.3, where;

V ~(r) =
�e2

4��0r
(3.2.3)

~r is defined as the distance of separation between the electron and proton.

The time independent form of the Schrödinger equation with M nuclei and N number

of electrons can be used to represent a many body system as shown in equation 3.2.4,

Cuevas & Scheer (2010):

H i(r1; r2; ::::; rN; R1; R2; ::::; RM = Ei i(r1; r2; ::::; rN; R1; R2; ::::; RM) (3.2.4)

where r represent the electronic coordinates while R are the nuclear coordinates. The

Schrödinger equation can also be written as a time dependent equation as in equation

3.2.5, Fiolhais et al. (2003).

H (r1; r2:::rN ; R1; R2; :::::RM) = i~
@

@t
 (r1; r2:::rN ; R1; R2; :::::RM) (3.2.5)

the wavefunction  (r1; r2:::rN ; R1; R2; :::::RM) represent the eigen function of electrons

and nucleus, respectively.
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On the other hand, the Hamiltonian, H is given by equation 3.2.6:

H = � ~2

2m

X
i

(
@2

@xi
2
+
@2

@yi
2
+
@2

@zi
2
)� ~2

2M

X
n

(
@2

@xn
2
+

@2

@yn
2
+

@2

@zn
2
)+V ee+V nn+V en (3.2.6)

The nuclei and electrons are represented by n and e while their masses are given by m

and M, respectively. On the R.H.S of equation 3.2.6, the first and the second terms

give the kinetic energies of electrons and nuclei, respectively. The other terms represent

the Coulomb repulsion between the electrons, the Coulomb repulsion between nuclei and

attraction between nuclei and electrons.

Solving the Schrödinger equation of a system with high number of electrons and nuclei,

for example, greater than four is challenging. The Hamiltonian of such a system cannot

be solved not even on the fastest super computers. This arise as the number of particles

are given in the order of 1023 and the higher the number of particles the more it becomes

challenging to solve the problem. Thus, approximations are made and errors estimated,

Sholl & Steckel (2001) and Thijssen (2007).

3.3 THOMAS-FERMI THEORY

The ground state properties among other properties of a system determined by electrons

in the presence of an external field can be studied based on the knowledge of the

distribution of the electron density. Thomas-Fermi Theory is one of the oldest ’statistical

theory’ and simple method proposed by L.H.Thomas and E. Fermi to obtain fair

approximation to the solution of Schrödinger equation, Thomas (1927). The method

is based on Fermi-Dirac statistics as the electrons are assumed to form a gas and the

electron-electron interaction energy is given by the classical Coulomb potential. Atoms

in ordinary matter are always close to ground state and thus Thomas-Fermi theory

Thomas (1927) is one of the oldest methods of determining the ground state properties.

However, the results obtained from this approximation are less accurate compared to

other methods that will be discussed latter such as the Hartree-Fock method and density

functional theory. One of the importance of this method is that it can be used to obtain
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effective potentials, which can be applied as initial trial potential when self-consistent

field methods are used. In metallic systems the method is appropriate, although it does

not put into consideration the exchange effects, Dirac (1930a).

The Thomas and Fermi method is used to determine the effective potential energy

experienced by an infinitesimal test charge as well as finding the electron density around

positive charges in an atom. Local density approximation is used to determine the kinetic

energy whereby at a point r with a density of n(r) the contribution is obtained using

the kinetic energy of a homogeneous gas with corresponding density Guerra & Robotti

(2008). The theory is defined by different terms; one of them being the TF energy

functional, the TF Euler equation C.-S. Wang (1992). The TF Euler equation for the

electron density is defined as shown in equation 3.3.1;

5

3
Ckn(r)

2
3 + e2

Z
dr0

n(r0)

jr � r0j
+ Vext(r) + � = 0 (3.3.1)

Here, Ck = 3~2(3�2)
2
3

10m
. The external potential is given by Vext while � is a Lagrange

multiplier. If a system with N nuclei with charges greater than 0 i.e (Zi > 0) which are

fixed at locations Ri in space, the TF energy functional is given as in equation 3.3.2;

E(�) =
3

5

~2

2m
(3�2)

2
3


Z
R3
�(x)

5
3d3x�

Z
R3

V (x)�(x)d3x+
1

2

Z
R3

Z
R3

�(x)�(y)

jx� yj
d3xd3y + U

(3.3.2)

where,

V (x) =
KX
j=1

ZjjX �Rjj�1 (3.3.3)

U =
X

1�i<j!l�K

ZiZjjRi �Rjj�1 (3.3.4)


 = (3�2)
2
3

~2

2m
(3.3.5)

The first term in equation 3.3.2 on the R.H.S represents the minimum quantum-

mechanical kinetic energy which in this case is a semiclassical energy of a system with N
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electrons which is needed to give the electron density �(x). The electrons are fermions and

the exact minimum energy can be obtained in the limit of fixed �(x) and N approaching

infinity.

The second term represent the Coulomb potential V which is an attractive potential when

N electrons interact with K nuclei.

The electron-electron repulsive energy is given by the third term.

The last term U gives the nuclear-nuclear repulsion. This is an important term as it

determines the possibility of bonding happening i.e causing some effect on energy (lower

energy or not) when nuclei move far apart from each other.

The application of TF theory at high pressures and density is a great achievement.

However, the theory fails to provide proper description of the outer parts of the atom.

The charge density should decay exponentially, but for the TF theory the n(r) decays

as r�6 far from the nucleus. Moreover, TF theory uses local density approximation to

obtain kinetic energy implying that shell structure is absent in the TF atom. Thus, the

periodic variation of different properties dependent of changing Z are not reproducible.

Furthermore, TF approach fails to describe bonding, assuming ergodicity. The electron

density fills all phase space to the Fermi energy regardless of whether the phase space

parts are dynamically connected or not. As a result, dynamical processes in either atoms

or molecules are constrained by this assumption, Nordholm (1987).

3.4 THOMAS-FERMI-DIRAC THEORY

The Thomas-Fermi theory was improved by Dirac who introduced the exchange term into

the existing theory Dirac (1930a). Dirac recasted the Hartree-Fock theory through density

function although there was no reference to the idea of many-electron wave function. In

the Thomas-Fermi theory the function results in correction to the energy obtained from

the exchange energy of the homogeneous electron gas Bloch (1929). The potential as

defined by Dirac is as shown in equation 3.4.1;

V Dirac
x = �(

1

�
)[3�2n(r)]

1
3 (3.4.1)
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The modified TF by Dirac is known as Thomas-Fermi-Dirac equation.

3.5 THE BORN-OPPENHEIMER (BO) APPROXIMATION

Most of the atoms apart from hydrogen are composed of more than one electron and

obtaining the solution to the Schrödinger equation is not direct and exact. This means

that the solution is unknown. This is encountered in different real life systems due to the

presence of 3(M+N) degrees of freedom which give rise to a number of variables to be

determined for different systems. Here, 3 represent the different ways in which the atoms

posses kinetic energy while M + N stand for the sum of electrons and nuclei. Different

approximations are employed in attempts to solve the equation, Cuevas & Scheer (2010).

According to mechanics of fundamental particles in modern physics, the electric charge

possessed by either the electron or the nuclei results in a force which has the same

magnitude. These forces may alter the momenta of the particles in the same manner,

implying that the change in momenta would be the same. Due to the variation in masses

of electrons and the nuclei, this approximation treats the nuclei as stationary as compared

to electrons which are 2000 times lighter than nuclei and are mobile through decoupling

of the motion of these components. The characteristic frequencies of the electrons and

nuclei differ significantly and this makes it easy for the decoupling the many-particle wave

function into two parts, that is, one for electron and the other for nuclei. The velocity

of the nuclei is smaller compared to the electrons, Born & Oppenheimer (1972). Thus,

this approximation tends to lighten calculations by use of outstanding mass differences

of the nuclei together with electrons which help to determine the energy as well as wave

function of physical systems. This implies that when the time-scale of nuclear motion

is considered, the light electrons will tend to relax to some instantaneous ground-state

configuration. This means the kinetic energies of both the nuclei and electron can be

treated separately. Through decoupling, the Hamiltonian for the electron is generated by

use of static configuration of the nuclei present and the part dealing with nuclei treats

the electronic energy E(R) as the potential, Thijssen (2007). Therefore, the system can
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be described by a wave function which has both electronic and nuclear components.

Classical Newtonian mechanics is then used to describe the ionic motion, Mayer (2003).

 (r; R) =  electronic(r; R)�  nuclear(R) (3.5.1)

The hamiltonian representing the electrons and nuclei when solving the time independent

Schrödinger Equation can be written as shown in equation 3.5.2;

H =
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(3.5.2)

From equation 3.5.2 the first two terms represent the kinetic energies of nuclei together

with electron, respectively, the fifth together with the fourth term represent the

interaction energies of the electron-nuclear as well as the electron-electron, respectively,

while the third term is for the interaction between the nuclei. The massses of nuclei

and electrons are given by Mi and me, respectively, while the positions of nucleus and

electrons are given by Ri and ri, respectively. Equation 3.5.2 has a potential energy

similar to equation 3.2.3. The Coulomb law is not applicable here as strong nuclear force

is responsible of holding the nucleus together and thus the Coulomb law constant in

equation 3.2.3 has been dropped in equation 3.5.2. This equation can be written in terms

of Hamiltonian for the N electrons in an environment with stationary nuclei as shown in

equation 3.5.3;

Helec = � ~2

2m

NX
i=1

�
@2

@xi
2

+
@2

@yi
2

+
@2

@zi
2

�
+ V ee + V en (3.5.3)

Equation 3.5.3 has three terms representing the kinetic energy of the electrons, force

of repulsion between electrons and attraction between electron and nuclei, respectively.

Solving this equation give rise to wave functions together with structural energy E(R)

which are dependent of the nuclear configuration. The structural energy is incorporated

into the Hamiltonian of the nuclei as a potential energy. The Hamiltonian representing
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the nuclei becomes;

Hnuc = � ~2

2M

NX
i=1

�
@2

@xn
2

+
@2

@yn
2

+
@2

@zn
2

�
+ V nn + E(R) (3.5.4)

Since the nuclei are assumed to be heavy and at fixed positions, the solution to the

equation is obtained by solving the electronic Schrödinger Equation using the electronic

coordinates. The electrons are assumed to be at ground state and thus, the properties at

the ground state can be obtained. The potential energy, V nn + E(R) is used to determine

the geometry of the system through minimisation. The nuclear probability distribution

is obtained by solving the nuclear part in the S.E. The total energy is given as the sum

of energies due to electrons together with energy from the S.E representing the nuclei,

Thijssen (2007). According to the Pauli exclusion principle, two electrons should occupy

different quantum states. This implies that electrons will always repel each other if they

are of the same spin and in the same quantum state. This effect is associated with

some change in energy known as the exchange energy. This exchange energy is as a

result of repulsion between electrons. Electrons have motion which is correlated and the

wavefunctions are instead comprised of complicated functions of positions. This makes

it difficult to determine the exchange energy analytically.

3.6 HATREE APPROXIMATION

Unlike in Born Oppenheimer approximation whereby the motion of the electrons is

correlated, here the electrons are uncorrelated and independent. In this kind of

approximation, the motion of the nuclei is assumed and ommitted. Instead, the

electrostatic energy of the nuclei is considered and summed up with the energy due

to electrons in the presence of static nuclei so as to give rise to the total ground state

energy of the system. The wavefunction for the N-electron atom can be approximated to

be the product of the individual wavefunctions of the N-electrons in the atom. Since the

electrons are independent it is possible to approximate the wavefunction of the individual

electrons. The wave function for the atom with N-electrons is a product ansatz and is
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given in the form as shown in equation 3.6.1;

 i(~r1; ~r2; ::::::~rN ; ) =  1(~r1) 2(~r2)::::::: N(~rN) (3.6.1)

This equation is known as the Hartree approximation, Hartree (1928). The main

di�erence between Hartree approximation and BO approximation is that the former

does not take into consideration the e�ects of exchange energy. The wave function

of the selected system comprises of product of orthonormal molecular orbitals. Here,

the interaction only occurs between the electrons and the mean �eld created by other

electrons. The nuclei are considered to be at �xed positions and the electronic wave

function determination is di�cult due to existence of many degrees of freedom arising the

electron-electron interactions, Sholl & Steckel (2001). The Hartree Approximation which

gives a non-trivial wave function fails to satisfy the Pauli exclusion principle condition.

Thus, further approximations necessary for the electron interactions.

3.7 HATREE-FOCK APPROXIMATION

On the other hand, the Hatree-Fock approximation which is treated as a one electron

approximation considers exchange energy through the use of Slater determinant. This

is in attempts to modify the Hartree Approximation which ignored the electron-electron

interaction. The Hartree approximation does not show how the particular con�guration

of the (N-1) electrons a�ect the electrons. This is realized as the solution of the many

body problem given by a set of wave functions which are treated as function of individual

co-ordinates of the N electrons present. This implies that it is a function of 3N coordinates

and its value need to be approximated, Ostlund & Szabo (1996). The approximations

can be done using the Hatree product de�ned before as shown in equation 3.7.1 ;

 (r1; r2; r3; :::; rN ) =  1(r1) 2(r2) 3(r3):::: N (rN ) (3.7.1)

 on the L.H.S of equation 3.7.1 represent the electronic wave function while the

individual wave functions are given as 1(r1), Sholl & Steckel (2001) & Mizutani (2001).
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The total energy of the system is obtained when the wave function i (r i ) representing

the many electrons satis�es the form of Schrödinger equation given in equation 3.7.2;

�
~2

2m

�
@2 i (r )

@x2i
+

@2 i (r )
@y2i

+
@2 i (r )

@z2i

�
+ VH (r )  i (~r ) + Vr  i (~r ) = E i  i (~r ) (3.7.2)

The �rst term is the kinetic energy of the electrons while the third term provides the

Coulomb force of attraction between the particles of opposite charges. The second term on

the L.H.S is known as Hartree potential which represent the Coulombic force of repulsion

between the electron and the entire electron density depending on the number of electrons

in the system. Mathematically, it is represented asVH (r ) = e2
R n(r )0

jr � r 0j d
3r 0. In this kind

of scenario, individual electrons move in an average �eld associated with other electrons

present in the system, Sholl & Steckel (2001) & Mizutani (2001).

In the Hartree-Fock approximation, the Slater determinant which uses the

antisymmetrised product involving the one-electron wave function of all the N electrons

in the atom is generated to represent the Hartree-Fock wave function using a N

x N determinant. This implies that H-F approximation can be termed as a one

electron system. This is used since the Hartree product fails to satisfy the principle of

indistinguishability as well as antisymmetry. In H-F approximation, the antisymmetric

wave function is determined using the single Slater determinant of a matrix of single

electron wave function i (r i ), Slater (1951). In Hartree-Fock approximation method, the

electrons' wave functions can be represented as shown in eqn. 3.7.3;

 (~r1; ~r2; :::::::::~rN ) =
1
N

j (~r1; ~r2; :::::::::~rN )j (3.7.3)

Due to the treatment of the wave function as a single Slater determinant of uncorrelated

and independent electrons the anti symmetry rule is satis�ed. Also, the exchange and

correlation energy is treated in an exact manner. This is relevant in systems comprised of

molecules and large number of electrons, Slater (1951). The Hartree equation is modi�ed

to give a SE whose e�ective Hamiltonian depending on the state is as illustrated in eqn.
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3.7.4;

H i
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2me
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i r = E �

i  �
i r (3.7.4)

V i
ef f ; �r is de�ned as the e�ective potential which act on every electron with a given spin

� located at point r. It is expressed explicitly as given in equation 3.7.5;

V i
ef f ; � (r ) = V(ext )(r ) + VHartree (r ) + V i

x ; � (r ) (3.7.5)

The �rst, second and third term on the R.H.S of the equation represent the external

potential, Hartree potential and the exchange potential, respectively. The last term

representing the exchange potential is obtained from the sum over orbitals with identical

spin as�

V i
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(3.7.6)

P
i  �

j
� (r 0) �

i d(r 0) represent the Coulomb potential as a result of exchange density for

each state i,� .

The BO and HF approximations give a di�erence in energy known as correlation energy.

This energy is due to redistribution of electrons caused by contrast between waves which

are delocalised as well as point charge descriptions. In Hatree-Fock approximation, the

Slater determinant is used to represent the wavefunctions and the correlation energy is

omitted, Slater (1951). The omission of the correlation energy limits the Hartree-Fock

approximation from being used in some cases such as where experimental results are used

for comparison and other approaches that put into account the correlation energy have

to be considered.
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(3.7.7)
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Equation 3.7.7 represents the slater determinant (SD) which is used in Hatree fock

approximation to determine the exchange energy. The SD satis�es both the principle of

indistinguishability and antisymmetry. Electrons are characterised by either up or down

spin and Pauli Exclusion Principle (PEP) has to be obeyed. PEP has to be employed to

cater for the repulsive interaction between electrons with identical spin which should not

occupy same quantum state. This form of interaction give rise to the exchange energy.

Thus, in H-F approximation the electrons are distributed depending on the orientation

of the spin so as to ensure that PEP is not violated. The distinguishable electrons

overlap at di�erent points and the expectation value of the distance at which the overlap

occurs is a�ected by the exchange energy. Thus, the single determinant as de�ned

by slater does not provide the exact wave function as Coulomb correlation is ignored.

With the omission of the Coulomb correlation, total electronic energy obtained from this

approximation is di�erent from the exact value obtained using the Born-Oppenheimer

approximation. In fact, the H-F energy is higher than the exact energy. An energy

known as correlation energy emerges from the variation between exchange energy due to

parallel spin and Coulomb correlation. The correlation energy measures the movement

of a single electron as in�uenced by other electrons. However, metals are an exception as

the presence of ionic potentials leads to inhomogeneous distribution of electrons unlike in

the electron gas whereby the distribution is homogeneous and the Coulomb correlation

is spin independent, Mizutani (2001).

3.8 DENSITY FUNCTIONAL THEORY

The approximations described in the earlier sections ignore the correlation energy, and

therefore, there was a need to develop an approach that would take into account the

correlation energy so as to estimate the energy of a system more accurately. Anab initio

approach known as Density Functional Theory was established in 1964 by Hohenberg,

Kohn and Sham to account for the correlation energy, Hohenberg & Kohn (1964), Kohn

and Sham (1965). Unlike in the previous approximations whereby the individual electrons

were considered and their wavefunctions determined, this approach is grounded on the
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electron density distribution n(r) Kohn et al. (1996).

Figure 3.8.1: A description of density functional theory, Lusk & Mattsson (2011)

.

In many-electron systems the electrons involved are indistinguishable and thus it is

convenient to use total electron density and abandon the idea of wavefunctions. Three

spatial coordinates are used to describe the electron density irrespective of the size of the

system used, thus the idea of 3N coordinates is invalid where N refers to the number of

electrons present. According to the DFT approach, the electron density is important as it

can be used to determine the Hamiltonian of the system and in return provides the ground

state energy. Thus, this energy can be termed as the functional of the electron density.

Also, according to this theory, the energy can be considered as the ground state when

the input electron density corresponds to the actual ground state density. The energy of

the overall functional is minimized by the electron density which is termed as the true

electron density equivalent to the solution of the Schrodinger equation, Sholl & Steckel

(2001). The ground state as obtained in DFT helps in determining the equilibrium

volume, lattice constants as well as mechanical characteristics such as bulk modulus

among other numerous properties. DFT is also known for determining the electronic

properties of simple systems as well as other properties such as magnetic and electric

susceptibilities of complex systems, Kohn et al. (1996). Although DFT is well known for

determining the ground state properties, the excited state properties of di�erent systems
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can be described to some extent using DFT. However, the excited state properties are

well expressed using time dependent density functional theory (TDDFT). The TDDFT

method uses some functionals and adiabatic approximation. This connection between

ground state and excited state calculations is enhanced by the fact that the external

potential in which the particles move in, is determined from the density at the ground

state of the electronic system considered. The external potential is associated with the

Hamiltonian operator which describes both the ground state and excited states of the

system, Görling (1996).

3.9 HOHENBERG AND KOHN FORMULATION

The idea of DFT was proposed by Hohenberg and Kohn, Hohenberg & Kohn (1964).

They proposed that the many body total energy can be approximated by use of ground

state electron densityn(r ), which turned out to be su�cient. From their studies they also

showed the existence of a universal functionalFHK [n(r )]. Provided the numeral value

of the particles is N =
R

n(r )(r )dr is held constant, this functional can be minimized

with respect to the variations in electron density given that an external potential V(r) is

predetermined to obtain the actual value of the ground state energyE together with the

electron densityn(r ) of the system using the relation :

E[n(r )] = FHK [n(r )] +
Z

V(r )n(r )d3r

3.10 KOHN SHAM EQUATIONS

In the Kohn-Sham approximation, the approach is similar to the Hatree-Fock

approximation as the Kohn-Sham equations are treated as one-particle equations

describing the properties of solids from �rst principles. However, in Kohn-Sham

approximation, Kohn & Sham (1965), the N electron system as de�ned in the Hatree-

Fock approximation is reduced into N non-interacting one-electron systems also known

as Kohn-Sham orbitals. However, the big challenge of coming up with accurate and time

36



e�cient methods that can solve the Kohn-Sham equations su�ciently was encountered.

Other methods such as those using pseudopotentials were proposed. In this case the

static atomic cores are substituted with a pseudo potential as well as a set of pseudo-

valence states orthogonalized to reproduce the elemental states are applied, Wimmer et

al. (1981); Kerker (1980). The Physicists, Kohn and Sham came up with a integrated

collection of di�erential equations which they used to calculate the density at ground-state

n0(r ) of a non-interacting system. The aim of Kohn-Sham approach was to replace the

many-body interacting system which obeys the many-body general Hamiltonian equation

given by equation 3.5.2, which is di�cult to solve, with an auxiliary system. According

to Kohn and Sham, the original interacting system is assumed to have ground state

charge density matching that of the non-interacting system. Following this assumption,

independent-particle equations describing the non-interacting system are created and

are assumed to be solved exactly regardless of the presence of challenging many-body

terms present in the exchange-correlation functional of the electronic density. Solving

the generated Kohn-Sham equations leads to electronic ground state density as well as

energy of the interacting system whose accuracy is limited to the approximations of the

exchange-correlation functional employed. The de�nite calculations are carried out using

the auxiliary independent-particle system described by HamiltonianH �
aux. Hartree atomic

units are used as~ = me = 1 and the Hamiltonian is simpli�ed as in equation 3.10.1;

H�
aux = �

1
2

r 2 + V � (r ) (3.10.1)

The potential V � (r ) takes a form that is not speci�ed at this point. The squares of the

orbitals of each spin contribute to the density of the auxiliary system as expressed by eqn

3.10.2:

n(r ) =
X

�

N �X

i =1

j( �
i (r )) j2 (3.10.2)

The particle has an independent energy de�ned as;

Ts =
1
2

X

�

N �X

i =1

jr  �
i j2 (3.10.3)

37



Classically, the Coulomb self interaction energy of electron density can be de�ned as;

EHartree [n] =
1
2

Z
d3rd3r 0n(r )n(r 0)

jr-r' j
(3.10.4)

The interacting many-body problem can be de�ned using the Kohn-Sham method at the

ground state by involving the Hohenberg-Kohn expression in the form,

EKS = Ts[n(r )] +
Z

drVext (r )n(r ) + EHartree [n(r )] + E11[n(r )] + EXC [n] (3.10.5)

The nuclei and other external �elds give rise to an external potential represented by

Vext (r ) and the interaction between nuclei is given byE11. Thus, a system with electrons

and nuclei has a Hamiltonian with potential interactions given by the sum of the terms

Vext , EHartree together with E11. It is di�cult to determine the electron-electron energy

functional of the Hohenberg-Kohn system. In a synthetic system, the energy is a sum of

di�erent energies which include the kinetic energy of the non-interacting electrons, energy

due to interaction between the electrons and the nuclei, coulomb energy together with the

exchange-correlation energy. The latter energy is unknown and need to be determined

using iterative steps, which are used to obtain the self-consistent electron density of the

Kohn-Sham Schrödinger equation. The many electron problem can be solved using DFT

by following some simple steps iteratively;
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Figure 3.10.1: An illustration of the self consistent loop

The solution obtained following the process is self-consistent. The equations can only be

solved if the exchange correlation functional is de�ned. However, as mentioned earlier

the exact form of the functional is unknown and need to be approximated.

3.11 EXCHANGE-CORRELATION ENERGY

3.11.1 Local Density Approximation

According to Perdew & Zunger (1981), the exchange-correlation energy of an electron

considered to be in a homogeneous electron gas whose density isn(r ) can be used to

determine the value of the termEEX [n(r )] as given by equation 3.11.1;

E LDA
XC [n(r )] =

Z
EEX [n(r )]n(r )dr (3.11.1)

Local Density Approximation functionals when used in di�erent calculations tend to

reproduce the ground state accurately when compared to the experimental data. For

example, according to Korir et al. (2011), the LDA approximation reproduced the

bulk properties and structural properties of 4d transition metal carbides and nitrides

(TMCNs). However, LDA is unable to accurately determine the charge density, Leung et
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al. (1991), and hence some properties such as magnetic structure are wrongly predicted.

Another failure of this method was reported by Grüning et al. (2006) whereby it could

not predict the band gap of semiconductors accurately. On the other hand, LDA works

well in some material, especially in some simulations such as equations of state, elastic

constants, among other properties of silicates as well as oxides in both crystalline and

amorphous states, Da Silva et al. (1999).

3.11.2 Generalized Gradient Approximation

Generalized Gradient Approximation method was developed so as to correct the

drawbacks associated with the LDA method. Unlike in LDA, GGA uses the gradient

of the charge density in theEXC functional. This functional is a great improvement to

the previous approximation as it considers the inhomogeneity of the electron gas. Thus,

the GGA approximation is a functional of charge density which is taken from a speci�c

point together with the charge density's �rst-order gradient taken at the same point

as the charge density, Perdew et al. (1998). For each particle in the electron gas, the

exchange-correlation energy is written in the form;

E GGA
XC [n] =

Z
d3rf (n; � n) (3.11.2)

For small molecules, GGA gives better results in terms of energy, although, it is

computationally expensive as it takes more time due to the added terms compared to

LDA. GGA improves the prediction of the ground state properties of materials with light

atoms and molecules and also predict the correct magnetic properties of transition metals

compared to LDA, Singh & Nordström (2006). According to Proynov et al. (1995), in

spite of these advantages, GGA fails to treat the hydrogen bond accurately which results

into softening of bonds.

3.12 BASIS SET OF WAVEFUNCTIONS

The Kohn-Sham orbitals of both atoms and molecules can be described by use of a basis

set of wavefunctions. For crystalline materials such as solids, the wavefunctions can be
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reduced by considering a single unit-cell to represent the entire crystal. This case is

considered since for periodic systems the single unit cells are a representation of the

repeated units in all directions. Thus, the wavefunctions required for the simulation can

be represented as the sum of plane waves, whereby the wave vectors are the reciprocal

lattice vectors of the crystals and are referred to as basis set. The plane wave basis set

has an associated error which can be solved by increasing the size of the single unit-cell

or the k-point sampling of the energy which is the Brilloiun zone. The �rst Brillouin zone

is termed as the primitive cell in the reciprocal space, Rappe et al. (1990).

3.13 BAND CALCULATIONS IN PERIODIC SYSTEMS

An electron within a solid possess a range of energies which are best described using

the band structure. Allowed quantum mechanical wave functions for the electrons in

periodic lattices of atoms are examined and thereafter, the information can be used to

study the bands as well as the band gaps of the system. The band theory provides

information on the physical properties as well as optical properties, which is used as

basis for the development of devices. Some of the common methods for band calculations

are pseudopotential and projected augmented waves (PAW), discussed in the proceeding

subsections.

3.13.1 PSEUDOPOTENTIAL METHOD

The self-consistent equations as developed by Kohn and Sham are solved via

approximations since it is di�cult to obtain the exact solution. Following these numerical

approximations, new developments have emerged in the �eld of materials modelling so as

reduce computational cost. This is achieved for example by enhancing rapid convergence

but ensuring the accuracy and outcome of the simulations are not compromised. As

mentioned in the earlier sections, atoms are comprised of electrons and nuclei as the

major components. The electrons are further classi�ed into core and valence electrons.

The core electrons which are close to the nuclei are highly oscillating and they possess

high kinetic energy. With this characteristic they require more plane waves to expand
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them as their wave functions and have numerous nodes. This implies that the method

of including the core electrons is generally computationally expensive. When considering

the electrons that in�uence the properties of a system, the core electrons have less e�ect

and also their participation in bonding is less regardless of them requiring large number

of plane waves. The solutions obtained by use of many plane waves would mean high

kinetic energy compared to low energy of the valence electrons which are very important in

bonding. The core and valence electrons are properly described in the pseudopotential so

as to allow the adequate involvement of plane wave basis sets when performing electronic

structure calculations of di�erent systems, Rappe et al. (1990). It is worth noting that

the properties of a material are dependent on the valence electrons present.

As such, �rst-principle pseudopotential methods were developed, which consider only the

active valence electrons, Marvin & Volker (1970) and excludes the inner core electrons

together with the strong potential binding the core to the nuclei. According to the

plane wave pseudopotential theory, the wavefunctions of the inactive core electrons are

replaced with weak and slowly varying pseudopotential. This results into less expensive

computational cost compared to the all-electron methods which have to include a lot of

plane waves to represent the inner states. This is as illustrated in Figure 3.13.1.
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Figure 3.13.1: The true potential of the nucleus (solid lines) and the pseudopotential
(dashed lines), Payne et al. (1992).

According to the pseudopotential approach, the system has both ionic cores together

with valence electrons. Each ion experiences a force which is a sum of electrostatic forces

imposed by ionic cores and the force due to the valence electrons. Depending on the

system of interest, di�erent pseudopotentials can be used such as ultra-soft, Vanderbilt

(1990), norm-conserving, Hamann et al. (1979) as well as the projector augmneted wave

(PAW), Kresse & Joubert (1999a). The upper core states are included in the PAW

method when performing the self consistent iterations, thus, making the method unique

over the others.

3.13.2 AUGMENTED PLANE WAVE METHOD

In this method, the core state are surrounded by the valence states. The valence

wavefunctions tend to possess rapid oscillations especially near the ion cores. This is

due to the orthogonality property between the valence and the core states. However, this

imposes some problems since more fourier components such as very �ne mesh are needed

so as to accurately describe the wavefunctions. The method developed by Blöchl solves

the problem by ensuring that the rapid oscillating wavefunctions are transformed into
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smooth wavefunctions. The smooth wavefunctions become more computationally usable,

Bloch (1929).

3.14 K-POINT GRID

In DFT calculations, the Brillouin zone is sampled using the Monkhorst-Pack grid and

gamma point. In this sampling technique, special points in the Brillouin zone are

generated as well as their integration weights. This information is very useful as it

helps in integrating periodic functions when working in the k-space, Hendrik & James

(1976). The choice of the integration plays a key role in the accuracy of integration.

Thus, the Monkhorst-Pack technique helps in sampling the Brillouin zone as a whole and

also integration of speci�c portions of the complete Brillouin zone. Depending on the

symmetry of the cell used, the points on the Brillouin zone can be reduced, which in

return reduces the computational cost.

Figure 3.14.1: An example of brillouin zone for a FCC crystal structure system,
Setyawan & Curtarolo (2010)

.

Figure 3.14.1 represents a BZ along various high symmetry points with b1, b2, b3 as the

reciprocal base vectors.
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3.15 ELASTIC CONSTANTS

3.15.1 Hooke's law

In a solid, the arbitrary displacement is given by equation 3.15.1;

~(R) ~(r ) = u ~(r )x̂ + v ~(r )ŷ + w ~(r )ẑ (3.15.1)

while the strain components are represented as follows

e1 = exx =
@u
@x

e2 = eyy =
@v
@y

e3 = ezz =
@w
@z

e4 = eyz =
@v
@z

+
@w
@y

e5 = ezx =
@w
@x

+
@u
@z

e6 = exy =
@u
@y

+
@v
@x

(3.15.2)

The relationship between strain and stress can be summarised using the Hooke's law and

is valid for small distortions whereby stress is directly proportional to the strain with

a constant of proportionality. Materials have elastic domains which give the range of

strain where the law applies. Higher order e�ects are noted beyond the elastic domain

and materials become deformed and may even be damaged as illustrated in Figure 3.15.1,

William D. Callister (2013). Thus, it is important to ensure that the material is within

the elastic domain when the material is under strain.

The Hooke's law is given by the equation 3.15.3;

F = � k:x (3.15.3)
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Figure 3.15.1: Strain vs stress curve, Ashby et al. (2007).

According to this equation, the strain is directly proportional to stress and the law usually

describes continuous elastic materials. This implies that the material can be stretched

along one direction, compressed in another direction as well as sheared and the processes

take place at the same time. The stress(� ) and strain (� ) are described as 2nd rank

tensors;

� ij =
X

k

X

l


 ijkl � kl (3.15.4)

Hooke's law can be expressed using index notation as follows;

� ij = Sijkl � kl (3.15.5)

Strain tensor is given by� ij and the fourth order compliance tensor bySijkl while � kl

represents the stress tensor. The elasticity tensorSijkl is a tensor of rank 4 with 81
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components. Due to symmetric nature of the strain, stress and elasticity tensors, 21

components from the total of 81 are independent. Additional symmetries reduces the

independent components further. According to Cauchy, every component of the stress

tensor couples linearly with strain tensor and can be expressed in matrix form as shown

in equation 3.15.6 Glass & Winicour (1973);
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(3.15.6)

For homogeneous systems, 81 independent compliance coe�cients are required and

de�ned as shown in equation 3.15.7;
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(3.15.7)

In equation 3.15.7,Cijkl represent the elasticity tensor.
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The anisotropic materials experience symmetry of the Cauchy stress tensor and this also

applies to the Hooke's law whereCijkl = Cjikl

Due to symmetry, the 81 elastic constants are reduced to 36 as follows;
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(3.15.8)

Apart from the symmetry of the cauchy stress tensor, the elastic constants are further

reduced by the shear components relationship given byij = ji . Also, the diagonal

components of the 6 x 6 matrix have a common characteristic in which they have a

relationship to the normal stress as well as strain. With these features the Voight notation

can be introduced to reduce the indices 11, 22, 33, 23, 13, 12 to 1, 2, 3, 4, 5, 6, respectively.

Further, the other 30 elastic constants due to shear relationship are divided by two. After

the reductions are performed a total of 21 components remain resulting into 21 elastic

constants, Menéndez-Proupin et al. (2011), Jiang et al. (2008).

Cij =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

C11 C12 C13 C14 C15 C16

C22 C23 C24 C25 C26

C33 C34 C35 C36

C44 C45 C46

C55 C56

C66

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(3.15.9)

When elastic deformation take place, there is a corresponding change in energy. For

example, when a spring is used to illustrate the Hooke's law, compressing the spring
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describes how energy is stored in a spring while expanding the string to the original state

releases the energy. This can be described as follows;

F = � k:x (3.15.10)

Upon integration of the Hooke's law with respect to the x, one obtains the energy of the

system as

E =
1
2

k:x2 (3.15.11)

From equation 3.15.11, the elastic energy is proportional to both elastic constant and the

square of the strain.

3.15.2 Voight, Reuss and Hill Averaging Schemes

The mechanical properties of a material such as bulk modulus, shear modulus and elastic

constants can be determined using Voight-Reuss-Hill averaging schemes. Using the Voight

method means that the strain is assumed to be uniform and as a result it gives values

on the upper limit of the numerical data obtained. Contrary to the upper limit data

from the Voight method, the Reuss method gives the lower limit of the data obtained

assuming that stress is uniform. The average of the two methods is obtained by use of

Hill method, Ching. et al. (2009), Shein & Ivanovskii (2008).

Using Voight method, bulk and shear moduli are given respectively as ;

B v =
2
9

[C11 + C12 + 2C13 +
1
2

C33] (3.15.12)

Gv =
1
30

[C11 + C12 + 2C33 � 4C13 + 12C55 + 12C66] (3.15.13)

Reuss method calculates the bulk and shear moduli as shown in equation 3.15.14 and

3.15.15

BR =
[5C55C66(C11 + C12)C33 � 2C2

12]
C11 + C12 + 2C33 � 4C12

(3.15.14)

GR =
[5C55C66(C11 + C12)C33 � 2C2

12]
2f 3BV C55C66 + [( C11 + C12)C33 � 2C2

12](C55 + C66)g
(3.15.15)
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The average bulk and shear moduli from the voight and reuss methods as given by Hill's

method are;

BH =
1
2

(BV + BR) (3.15.16)

GH =
1
2

(GV + GR) (3.15.17)

3.15.3 Vicker's Hardness

The resistance of a material to scratching de�nes its hardness, Q. Yang et al. (2000).

Hardness is dependent on several properties such as inter-atomic distances, co-ordination

and nature of chemical bonds among others. Up to date, there are several methods

that can be used to determine this physical property successfully. Among them is Mohs,

Vickers, Shore test, Brinell and Knoop test, Tabor (1954), R. Smith & Sandly (1922),

Hill et al. (1989). The Vickers test method is as illustrated in �gure 3.15.2.

Figure 3.15.2: An illustration of Vickers hardness test, Ghose et al. (2014).

In this study, the hardness of NbC and NbN was determined theoretically using Vickers

method given by equation 3.15.18, Xing Qiu et al. (2011);

Hv = 2( k2G0:585) � 3 (3.15.18)

In this equation, k is the Pugh's ratio given by the ratio B/G. G is the shear moduli while
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B is the bulk modulus. It is important to note that the hardness depends on the elastic

constants of the material and thus there is a need to determine the elastic properties of

the material. Elastic constants of a materials describes how the system behaves when

force is applied on it and the elastic properties describe the relation between strain and

stress as explained earlier.

3.16 MOLECULAR DYNAMICS

3.16.1 Theory of Molecular Dynamics

This section will lay the background theory of molecular dynamics as well as the factors

that should be considered when extracting the elastic constants from MD simulations.

However, before the MD simulations are set, it is always critical to decide on the most

appropriate ensemble that suites the calculation. The ensembles are large collections

of systems possessing common macroscopic properties which describe the microscopic

particle interactions. There are several ensembles that can be applied in the MD

calculations which include the microcanonical (NVE), canonical ensemble (NVT) and

NPT ensembles. For the NVE calculation both the total energy, volume and number of

particles are conserved as it occurs in an isolated system. In NVT, the number of particles,

volume and temperature are conserved. The temperature remains constant in NVT to

resemble that of a system in a heat bath. For NPT, the system is assumed to be exposed to

conditions such as pressure. The macroscopic properties including temperature, energy or

pressure are obtained from the averages performed over the ensemble members following

time evolution whereby members of the ensemble under initial microscopic conditions

evolve. In statistical mechanics, the microscopic state which is a system with N particles

can be determined using generalised positions and momenta given as

q = ( q1; q2; :::::::::; q3N )

and

p = ( p1; p2; :::::::; p3N )
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respectively of each particle. The space containing these points is known as phase space.

When determining the averages of these ensembles, the distribution function of the phase

spacef (x; t) which is de�ned asf (x; t) = f (x; t)dqdp is introduced as the fraction of all

accessible states in the volumedx of the entire phase space. Thus, the average can be

determined as;

hAi =
Z

f (x; t)A(x)dx (3.16.1)

For the two commonly used ensembles, that is, micro canonical (NVE) and canonical

ensemble (NVT), their distribution factors are perfomed to a constant normalisation

factor as;

f NV E (x) = � (H (x) � E) (3.16.2)

f NV T (x) = exp(�
H (x)
kB T

) (3.16.3)

kB is the Boltzmann constant, T is the temperature, E is energy and H is the hamiltonian.

3.16.2 Molecular Dynamics Approach Basics

DFT is a technique used for static simulations whereby calculations are performed at 0 K.

For static simulations, kinetic energy from thermal motion is absent as well as negligence

of zero-point energy being evident. If zero-point energy is included in the calculation it

would imply that the unit-cell parameters would expand by approximately 0.2%, Wu &

Cohen (2006). The e�ect of atomic vibration is very important when studying materials

at elevated temperatures. Some of the commonly used techniques in these simulations

include lattice and molecular dynamics. These methods include the thermal vibrations

which are present when temperatures are raised.

According to Vocadlo & Dobson (1999), lattice dynamics deal with systems in a simulation

box containing harmonic oscillators. The frequencies of the oscillators change with cell

volume. This method determines the motion of atoms assuming that they take the form

of wave-like lattice vibrations. Also quasiharmonic approximation of phonons is used

to determine the motion. The individual particles are assumed to vibrate collectively
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Figure 3.16.1: An illustration of (a) lattice dynamics and (b) molecular dynamics,
Vocadlo & Dobson (1999).

as a phonon. As illustrated in �gure 3.16.1 (a), the vibration of the atoms is assumed

to be in the form of quantized harmonic oscillator. However, one of the shortcoming

of this technique is that it ignores the anharmonic e�ects experienced as a result of

phonon-phonon interactions which is crucial at high temperatures.

On the other hand, MD simulations treat the motion of individual particles explicitly

and describe the time-dependent behaviour of the system atomic levels. This technique

simulates the motion of atoms under prede�ned conditions, which may include

temperature, pressure and external forces among other conditions. After setting the

prede�ned conditions several properties can be studied such as elastic properties and

dynamical processes. Properties such as di�usion coe�cients and phase diagrams as

well as response functions can be studied. Radial distribution functions (RDF) are some

response functions that can also be studied using molecular dynamics. In MD, external

corrections are unneccessary unlike in the case of DFT calculations. Here, atoms are

allowed to move in discrete time steps denoted ast which is usually within the range

of 1-3 fs. During these time steps one can visualize how the system is equilibrating by

use of relevant visualization software. By use of classical molecular dynamics, hundred

of atoms can be studied as it allows long range interactions. However, this method has

its own drawbacks which limits its usage in the �eld of material science. Classical MD

neglects electronic e�ects and also raises the need for adequately parametrized force �eld
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for the simulation to be performed. These drawbacks led to the developments ofab

initio molecular dynamics (AIMD) approach which uses DFT as the substitute for the

interatomic force �elds found in a dynamic setting, Martin (2004).

Quantum mechanical MD allows atoms to move according to Newtonian classical

mechanics for a set of atoms provided that the initial con�guration is provided. This is

achieved through numerical integration where time is discretized into small time intervals

referrred to as time step. There are noticeable changes on both the position and momenta

of the nuclei as the simulations are performed from one time step to the next while solving

the Newton's equations. At each step, the interactions between atoms which give rise

to the interatomic forces can be determined using DFT or classical potentials. Initially,

a particle which is located at position~r0 and with velocity ~v0 is subjected to forceF

within the set duration of time t. As a result, the particle moves to new position~r t which

according to classical mechanics can be expressed as;

~r(t) = ~r0 + ( ~v0t + 0:5~at2)

~a =
~F
m

(3.16.4)

~F =
dU
~dr

(3.16.5)

An assumption is made that the acceleration is constant in the given time interval, t,

although this acceleration is not constant. However, this approximation is improved by

choosing a small time step during the simulation. The electron energies are determined

by assuming that the sub-system of the electron is at its ground state and the nuclei's

positions are static when each time step comes to a completion. This is the Born-

oppenheimer approximation described earlier. Another important assumption is the

conservation of both the kinetic energy of the nuclei as well as electron energy at ground

state and the volume is �xed. When a simulation is performed without controlling the

temperature, the MD is treated as a microcanonical ensemble. Here, the number of
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particles, N, the volume, V and energy, E are constant (i.e constant N, V, E). Through

this ensemble, it is di�cult to predict the resulting temperature and can be high especially

when incorrect geometry is used at the beginning, giving rise to high potential energy.

For such cases, a thermostat algorithm is applied so as to control the temperature where

temperature and velocities of the particle are related to each other via the equipartition

principle of energy as follows:

E =
3
2

NK BTinst =
NX

i =1

mi v2
i

2
(3.16.6)

where E is the total kinetic energy, N is the number of particles and KB is the Boltzmann

constant andTinst is the instantaneous temperature.

According to Woodcock (1971), several thermostat algorithms can be applied at every

timestep, the simplest being the velocity Verlet algorithm given as;

~ri (t + � t) = ~ri (t) + � t~vi (t) +
� t2

2mi

~Fi (t + � t) (3.16.7)

~vi (t + � t) = ~vi (t) +
� t2

2mi
( ~Fi (t + ~Fi (t + � t)) (3.16.8)

� t is the integration time step.

However, this kind of algorithm is not e�cient as it is considered to be more realistic

when a system under constant temperature is studied. Such systems tend to mimic the

experimental situations closely. Nose-Hoover thermostat is considered to be more e�cient

system's thermostat for controlling the temperature as it applies friction coe�cient and

a heat bath Q, Nosé (1984) and Andersen (1980).

3.17 NUDGED ELASTIC BAND METHOD

Transition state theory can be used to study slow transition events. The theory is designed

on some basics assumptions which include;

(a) A Boltzmann distribution can be established as well as being maintained since the

reactant state rate is slow.
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(b) A dividing surface whose dimension is D-1 can be identi�ed to represent the point

along the reacting trajectory from initial to �nal state which is crossed once. D represents

the degrees of freedom present in the system. Graphically the dividing surface is the

bottleneck for the transition, Ja�e et al. (1973).

Atoms in crystals are typically packed and di�erent properties of these systems are

determined at temperatures below the melting temperature. This allows the application

of harmonic approximation into Transition State Theory (TST) in studies involving

di�usion, Voter & Doll (1985).

Figure 3.17.1: Illustration of transition states, Laidler (2022).

This makes the process of estimating the transition rates simple. The process of

determining the optimal transition state only involve the search for lowest saddle points

appearing at the edge of the basin of the potential energy representing the initial state.

Thus, using both the energy and frequency of normal modes obtained at the saddle point

as well as the initial state, the rate constant for the transition taking place around each

saddle point can be obtained, Wert & Zener (1949),

khT ST =
� 3N

i ~vinit
i

� 3N � 1
i ~vi

SP e� ( E SP � E init )
k B T (3.17.1)

Saddle point energy isE SP , potential energy of the initial state is given byE init while ~vi
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are the normal mode frequencies. Here the quantities are evaluated at zero temperature

using potential energy surface although the entropic e�ects are catered for through

harmonic approximation. However, determining the saddle point is the main challenge.

Atoms evolve around the two con�gurations and the minimum energy path (MEP) is

used to describe the process. MEP represent the path connecting both the initial and

�nal states. This quantity describes the chemical reactions as well as di�usion processes

occurring in solids. The activation energy barrier is determined from the maximum in

the potential energy obtained along the MEP. Along the MEP the force on each atom

points along the path while the energy is stationary for perpendicular degree of freedom.

As illustrated in Figure 3.17.1, the saddle point is the maximum point on the MEP on

the potential energy surface.

Figure 3.17.2: An illustration of Nudged Elastic Band theory and climbing image
nudged elastic band. Retrieved from https://docs.mat3ra.com/models/auxiliary-
concepts/nudged-elastic-band/#links

NEB is one of the method employed to determine the local maximum and is based on two

point boundary condition, Jonsson et al. (1998). Between the two con�gurations, chains

of images are generated and optimized simultaneously. This makes parallel computing

suitable. The acting on the images is parallel to the chosen path ensuring better

convergence to the MEP.
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3.17.1 Plain Elastic Band, PEB

The NEB method can be classi�ed aschain of imagesmethod which uses a series of

images generated between the initial and �nal con�gurations. This is di�erent from

other methods that tend to start from a local minima and the path is found using a

sequential manner. In the PEB method, several images are chosen and connected using

springs of zero natural length which trace the path. This de�nes the object function to

be minimized.

SP EB
�

~R1; ::: ~RP � 1

�
=

PX

i =0

V( ~Ri ) +
PX

i =1

Pk
2

�
~Ri � ~Ri � 1

� 2
(3.17.2)

On the R.H.S of equation 3.17.2, the �rst term represent the sum over the 'true' potential

while the second term is the elastic force. The intermediate images are given by P, the

strength of the springs joining two adjacent images is represented by k, i is the index

while ~Ri is the vector position of individual images. When the above object function

is minimized, the MEP can be obtained with respect to the intermediate images. For

this condition to be achieved, the initial states and �nal states,~Ri and ~Rp, respectively,

are �xed. However, MEP su�ers from convergence issues and there is a need to modify

equation 3.17.2 in order to achieve more accurate results.

3.17.2 Climbing image NEB method

The NEB method can undergo a small modi�cation to give rise to the climbing image

NEB method. From the earlier method, the shape of the MEP as shown on Figure 3.17.1

is retained while a rigorous convergence is obtained to the saddle point. The regular

NEB is performed and after a few iterations, the image associated with high energy is

obtained.

Fimax = �r E( ~Rimax ) + 2 r E( ~Rimax )j jj

= �r E( ~Rimax ) + 2 r E( ~Rimax ) � ~� imax ~� imax

(3.17.3)
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� i represent the normalized local tangent at imagei , E is the energy of the system which

is a function of all the atomic coordinates. From equation 3.17.3Fimax is the full force as

a result of potential with the component along inverted elastic band. It should be noted

that the spring forces do not a�ect the maximum energy image.

The potential energy surface is moved up by the climbing image along the elastic band.

Also, the potential surface is moved downwards perpendicular to the band. Convergence

of the images in the band occurs at the MEP which helps in providing the reaction

coordinate around the saddle point.

59



CHAPTER FOUR

METHODOLOGY

4.1 OUTLINE OF CALCULATION

The calculations in this work were carried out using Quantum ESPRESSO computer

code, Giannozzi et al. (2009) together with ViennaAb initio Simulation Package, Kresse

& Furthmüller (2007). The two codes which are based on DFT were used to solve Kohn-

Sham equations. In VASP, projector augmented wave (PAW) method is used. Some of the

properties that can be described using DFT include equilibrium volume, lattice constants,

electronic properties and mechanical properties among others. The DFT formalism is

based on electronic density distributionn(r) instead of the many electron wave function,

Kohn & Sham (1965). Before Kohn and Sham introduced the idea of electronic density

distribution, many body systems were represented using the Hamiltonian equation given

as;

Ĥ =
NX

i =1

 

�
~2

2mi
r 2

i +
1
2

NX

i =1

NX

j 6= i

Z i Z j

4�� 0jr i � r j j

!

(4.1.1)

r denotes spatial positions andZ the charges of the individual nucleus.

Density Functional Theory uses plane wave basis sets together with pseudopotentials.

The electron-ion potential is described by a chosen type of pseudopotential. Here

ultra-soft pseudopotentials and PAW were used to give all the required properties.

The ultra-soft pseudopotential allows energies to converge with small number of plane

waves which in return reduces the computational cost, Rappe et al. (1990). In this

study, the plane wave self-consistent calculations were employing DFT methodology

with generalized gradient approximation (GGA) for the exchange correlation functional

using Perdew-Burke-Ernzerhof (PBE) scheme, Perdew et al. (1998). The kinetic energy

cut-o� was used to provide plane waves that best describes the system and it is worth

noting that more plane waves give more accurate results although it's computationally

expensive. Conjugate gradient minimization method,�Stich et al. (1989) was used in ionic
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relaxation process in order to minimize the Hellman-Feynman forces which exist among

the constituent atoms. For periodic structures, the systems can be described in k-space.

In such cases, the part covered by the k-points for any given system which is referred to

as Brillouin zone was sampled using the Monkhorst-Pack grid where the grids are in x, y

and z directions, Monkhorst & Pack (1976). The atomic positions were relaxed until the

di�erence between forces is smaller than 10-3 a.u. After the relaxation, the total energies

of the relaxed systems were extracted, from which di�erent properties of the materials

were obtained, Giannozzi et al. (2009).

4.2 EFFECTS OF DEFECTS

The compounds were simulated at their substoichiometric structures by use of supercell

methods, Hull & Bacon (1984). The unit cells were enlarged to create the supercells by

increasing them in di�erent dimensions as follows; 2x2x2, 2x2x1, 2x3x2, 3x2x1 and 3x1x1,

Hull & Bacon (1984). For any given vacancy concentration and supercell, plane-wave

total energy calculations were always performed. Structural parameters as well as atomic

positions were fully relaxed until when the Hellmann-Feynman forces were considered to

be less than 0.02 eV/Å. The relaxation process gave a structure at equilibrium on which

small strains (-0.002 to 0.002) were applied and stresses calculated. Elastic constants

were then determined using Hooke's law. Particular attention was paid to the tensile,

bulk and shear sti�ness which give rise to the Young's modulus, Bulk modulus and shear

modulus, respectively. Shear sti�ness at di�erent vacancy concentrations were considered

since, shear modulus is known to provide a measure of rigidity of a material against

deformation of the shape as involved in the microhardness identation experiment Teter

(1998), Gilman (1996). Di�erent vacancy concentrations were used ranging from 1.04 %

to 25 %. The vacancies locations were selected at random since for normal preparing

conditions, vacancies have no speci�c locations. With this in mind, the bulk modulus,

shear modulus and Young's modulus were averaged using all the possible vacancies

con�gurations in this study. The average moduli were determined using Voigt-Reuss-

Hill method, Simmons & Wang (1971). The dynamical stability of the systems was also
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tested. The phonon dispersion curves were obtained using the linear response method.

Others were obtained using �nite displacement method in the PHONOPY code, Togo et

al. (2008).

4.3 WORK FLOW

Most of the work in this study was conducted using the VASP code, Kresse & Hafner

(1993b), Kresse & Furthmüller (1996) and Kresse & Joubert (1999b). The code uses

4 basic input �les. These �les are INCAR (this �le determines what the code will

calculate and how it should be done; POSCAR (provides the ionic positions of the involved

ions); KPOINTS (provides the Monkhorst-Pack used); POTCAR (gives the details of the

pseudopotential of every element). The INCAR, KPOINTS and POSCAR are obtained

from the materials project database, Jain et al. (2013). However, the �les have to be

edited so as to satisfy the criteria of both energy cut-o� as well as the density of the

k-point grid. After preparing the �les, volume optimization was initially executed. In

this process, the initial structure was subjected to uniform scaling. Di�erent volumes

were obtained, with partial relaxation being done at each volume. Here, both the atomic

positions as well as cell shapes were allowed to relax, while the volume was maintained

at a consistent value, Kresse & Furthmüller (1996). The obtained lattice constants and

energy were �tted into the Murnaghan equation of state, Cohen et al. (2000), where the

values of lattice constants of the ground state structure were obtained for each system.

From the fully relaxed systems, cohesive and formation energies, lattice constants and

the volume of the cell were determined. Thereafter, the ground state structure was

used to determine the mechanical properties of both NbC and NbN. In the process of

computing the elastic constants the elastic tensor analysis tool was employed to extract

all the necessary mechanical properties of the two compounds, Ortiz et al. (2013). Apart

from elastic constants, the mechanical properties that were determined in this study using

Voight, Reuss and Hill averaging scheme include Young's modulus, bulk modulus, shear

modulus and Poisson's ratio. In order to evaluate mechanical stability of the system, Born

stability was used, Born & Huang (1954), while phonon studies were used to predict
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the dynamical stability of the system. Further, molecular dynamics calculations were

performed using VASP code to determine the e�ect of temperature on the mechanical

properties of NbC and NbN. Also, NEB calculations using VASP were performed to

determine the vacancy di�usion energy.

4.4 CONVERGENCE TEST

Convergence tests were done to establish the most favorable value of parameters that

describe the compounds. Various parameters were optimized among them cut-o�

energy, k-point grid and the cell dimensions. Each of these parameters was optimized

independently by increasing its value and ensuring that there was constant change in

energies between two consecutive steps. The test is applicable to plane wave basis set

compared to localised basis set. In the former, the accuracy of the properties of interest

is controlled by one parameter as compared to the latter. The convergence of all the

energy related parameters depend on both the cut-o� energy and the k-points, Martin

(2004). This is supported by the information provided in section 6.3.

4.4.1 K-Points Convergence

Before performing any calculation it is neccessary to ensure k-point convergence is done

so as to �nd a mesh that is su�cient for the integration of the �rst Brilloiun zone.

Brillouin zone refers to a set of points in thek-space which can be accessed through the

origin and no Bragg plane is crossed, Pack & Monkhorst (1977). The k-points which

are in reciprocal lattice give details about the lattice of a system. In characterization

of materials, di�raction is applied which happens in the reciprocal space. Since only

periodic structures were involved in this study, the �rst Brillouin zone was enough to

predict the Bloch states of the systems involved. Monkhorst Pack method was employed

to sample the zone, Hendrik & James (1976), and appropriate grid size was utilized.

4.4.2 Cut-o� Energy Optimization

The cut o� energy provides information on the number of plane waves being used as the

basis functions to describe the whole function. The optimization of the cut-o� energy is
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important as it provides a minimal value of the energy. An optimized value of the cut-o�

energy, was considered to have been achieved when a rise in the value of the cut-o� energy

leads to no noticeable change on the value of the total energies of the system between

two values of cut-o� energy, Martin (2004).

4.5 COHESIVE AND FORMATION ENERGY

4.5.1 Cohesive energy

For a solid to be separated into its constituent neutral free atoms at in�nite separation,

energy has to be applied into the system. This energy is referred to as cohesive energy.

For this parameter to be determined the values of energy of the solid and that of the free

atoms comprising the solid have to be known. For instance, in this study the solids of

interest are NbN and NbC. Thus, the total energy of the product (compound) NbN or

NbC and that of reactants, that, Nb, N and C which are the constituent atoms have to

be calculated using the formula shown in equation 4.5.1, Ahmed et al. (2007).

Ecoh = E solid
MX �

�
E solid

Nb + E solid
C=N

�
(4.5.1)

MX denotes either NbN or NbC. M Nb and X is C/N

4.5.2 Formation energy

Cohesive energy is very important when determining the formation energy. The di�erence

between cohesive energies of the products and the reactants gives the formation energy

given as;

Nb + C=N ! NbC=N (4.5.2)

The formation energy can be determined from:

EF =
X

Ecoh(products) �
X

Ecoh(reactants) (4.5.3)
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4.6 PHONONS

Rigid crystal lattice have quantized modes of vibration known as phonons. Several

physical properties such as thermal and electrical conductivity are dependent on the

phonons. If the potential energy increases with respect to the atomic displacements

then the solid is said to be dynamically stable at equilibrium. Speci�c heat and sound

velocity are properties that can be determined from the vibrational properties of a system,

Ackland et al. (1997). Phonon frequencies are provided by considering the forces that are

as a result of di�erent sets of displacements. This aspect is equivalent to the presence of

phonons with positive frequencies in harmonic approximation. If negative frequencies are

present, then the crystal is dynamically unstable, Togo & Tanaka (2015) and Togo et al.

(2008). The phonons only gives the dynamical stability regardless of the total energy of

any system being minimized. By use ofab initio approaches, the vibrational frequencies

of a rigid crystal can be determined using any of the two methods, namely, linear response

method and �nite displacement method.

4.6.1 Linear response method

Linear response method is similar to DFT approach but uses derivative of change density

and wavefunctions with respect to atomic displacements and is computationally viable.

The periodic perturbation helps in determining the force constant at each wave vector,

which is then transformed as a fourier to provide projections for the remaining wave

vectors involved.

4.6.2 Finite displacement method

In this approach the displacements which constructs the dynamical matrix can be reduced

easily by considering the symmetry of the system. Hessian matrix are �lled by considering

the symmetry displacements, Chaput et al. (2011). If the displacements are too small the

results obtained are similar to those of linear response method, however, the displacements

can always be increased when investigating the phonon anharmonicity.
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4.7 ELASTIC CONSTANTS

Elastic constants provides information on how a crystal responds to external strain. Also

the relationship between bonding and crystal structure can be obtained from elastic

constants. When stress is applied on a body, it is expected to undergo strain and

eventually deform and if the elastic limit is not exceeded it regains the original shape when

stress is withdrawn. Thus, if the elastic behavior of a system can be determined it is easy

to determine the structural stability, Li et al. (2008). Using �rst principles approach, the

elastic constants were determined by applying small distortions. The system was then

allowed to relax and thereafter the total energy of the system determined, Mehl et al.

(1994).

4.7.1 Energy-strain method

This method uses the total energies from strain states. The strained crystal provide

sti�ness values that can be used to determine the optimal symmetry. Strains with

varying values of magnitudes are applied from which total energies are obtained. From

the relationship of energy and strain, sti�ness can be obtained. The independent elastic

constants are determined from lattice symmetry together with point type.

4.7.2 Stress-strain method

This approach is used to determine the elastic constants in VASP. Using a relaxed cell

six �nite distortions were performed so as to provide the elastic tensor required and

thereafter, elastic constants were determined from the stress-strain relationship. After

extracting the sti�ness matrix, an elastic tensor analysis tool ELATE, Ortiz et al. (2013)

was used to determine other mechanical properties. The Voight, Reuss and Hill averaging

approaches were used to determine Young's, bulk and shear modulus. In addition, eigen

values of the sti�ness matrix are determined. Born stability criteria was used to determine

the mechanical stability of NbC and NbN, Mouhat & Coudert (2014).
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4.8 MOLECULAR DYNAMICS

4.8.1 Introduction

The MD evaluates the instantaneous electronic ground state at the given �nite

temperature. When performing the calculations, the free energy is used as a variational

quantity. The evaluation occurs at each MD-step since the calculation are performed at

a given range of steps using e�cient matrix diagonalization schemes and Pulay mixing.

Ab initio MD uses time step to determine the ionic positions as well as the electronic

energy functional. Once one time step is completed, the change in position as well

as momenta of the nuclei is calculated by applying the Newton's equation of motion,

which are subjected to electrostatic forces. Large number of time steps are applied to

determine the time averaged structural properties of materials through iterative method.

The electron energies are determined assuming that the electron sub-system exists at the

ground state and the nuclei are static at their positions as every time step elapses (BO

approximation). During the simulations, the total energy, that is, kinetic energy of the

nuclei + ground state energy is conserved while the volume of the unit cell is constant.

For MD at low temperatures, the results are less accurate since the calculation involving

the motion of the nuclei which ignores the quantum e�ects. From the average kinetic

energy of the nuclei, the temperature is determined. However, for constant-temperature

MD calculations Nosé thermostat statistical sampling is used together with a thermostat,

Andersen (1980); Nosé (1984).

4.8.2 Molecular Dynamics using NVT ensemble

Molecular Dynamics calculations presented in this piece of work were performed using

VASP code, Hafner (2008) within the context of canonical ensemble (NVT). The

parameters considered in these calculations include size of the time step, duration of

simulation, the working temperature and the integration algorithm among others. PAW-

PBE potentials, Blöchl (1994) within GGA were used in the approximation of exchange

and correlation functional. A timestep of 2 fs together with energy cuto� energy of 520
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eV was used. On the other hand, electronic convergence set at 10-8 eV was used. For the

kpoints, Gamma point sampling was the applied.

When using the AIMD approach, equilibrium structure as well as the lattice parameters

were obtained at �nite temperature �rst, Woodward et al. (2010). Since the systems

involved in this study are periodic, one of the major assumption is that the parameters

of the structures as obtained from AIMD embody the required physical properties of

the two materials at the set �nite temperatures. After successful optimization of lattice

parameters and atomic positions at di�erent temperatures stress-strain method from

�rst-principles was applied to determine the mechanical properties of the systems, Yao

et al. (2007). In MD simulation of NbC and NbN, the simulated temperature was

set to equilibriate at 10000 time steps as shown in �gure 4.8.1. The atomic thermal

velocities were stored in CONTCAR �le and used in other calculations. During each

successive time step, the temperature was expected to vary since the momentum together

with kinetic energy of the atoms change. The temperature equilibration was checked

using a time step temperature vs time plot. Equilibrated systems were expected to

display regular temperature oscillations. The relaxation of the unit cell parameters

was performed for each temperature iteratively using a optimized chosen timestep

ensuring a compromise between the reproduceability of results and computing time.

After relaxation, equilibration was performed and CONTCAR output �les were used

as POSCAR input �le for other simulations.

Figure 4.8.1: An illustration of equilibrated temperature at 1000 K
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The elastic constants were determined as follows;

1. A desired MD cell was created and a relaxation calculation performed to ensure that

the ions get into their equilibrium positions.

2. The systems are thermalized independently by bringing each of them to the target

temperature usually below the melting point of each of the crystals.

3. The temperature is equilibrated.

4. The elastic constants were then obtained from the strain/stress relationship as

presented in Figure 4.8.2.
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Figure 4.8.2: The MD �owchart, Nambigari et al. (2013).
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CHAPTER FIVE

RESULTS AND DISCUSSION

This chapter contains detailed explanations of the results obtained from the study. The

results are compared to the available experimental and theoretical data.

5.1 STRUCTURAL PROPERTIES

5.1.1 Bond lengths

Transition metal carbides and nitrides have attracted a lot of attention lately and many

researchers have developed some interest in studying their properties. One of these

properties is the intrinsic hardness which is governed by several factors. They include

strength of interatomic forces as well as the crystal structure. According to Korir et al.

(2011), high intrinsic hardness is speci�ed by high values of cohesive energy, short bond-

length together with high degree of covalent bonding. This implies that the strength of

interatomic forces as well as the size of the bond lengths have a key role when determining

the elastic properties of a material and its hardness. NbN and NbC exhibit three types

of bonding, namely; metallic, ionic and covalent type of bonding. Generally, bonding in

every compound usually a�ects both the size as well as the shape of the structure. This

arises due to the e�ect of the repulsion of the nuclei of the bonded atoms and the attraction

of the outer electrons by the nuclei. However, in order to fully understand the bonding

mechanisms of the compound under investigation, it is essential to determine their bond-

lengths. In this study, the Xcrysden program was used to extract the bond lengths

together with the bond angles, Kolkaji (2003). Each of the optimized structure was

obtained after rigorous energy optimization to accuracies of10� 4 Ry. Figure 5.1.1 shows

the DFT-GGA optimized crystals structures of Niobium Carbide and Niobium Nitride

in di�erent structures using PBE functionals and ultrasoft pseudopotentials considered

in this work.

71



Figure 5.1.1: Representation of di�erent crystal structures of Niobium Nitride and
Niobium Carbide using ball and stick studied in this work: (a) rocksalt, (b) zinc-blende
and (c) wurtzite. The bigger balls represent Niobium atoms while the small balls
represent either Carbon or Nitrogen atoms.

Using the optimized structures, values of optimized bond lengths of each structure and

the bond angles were extracted as indicated in Table 5.1.

Table 5.1: Calculated bond lengths together with bond angles for NbC and NbN in
di�erent crystal structures

Structure
Calculated Theoretical

Bond Length (Å) Bond angle Bond Length (Å) Bond angle
NbC (RS) 2.25 90 2.24 a

NbC (ZB) 2.09 109.471 2.09 a

NbC (WZ) 1.76 113.457 2.22 a

NbN (RS) 2.20 90 2.01 a

NbN (ZB) 2.06 109.471
NbN (WZ) 1.71 113.457

aKorir et al. (2011)

Bond lengths can be used to indicate the hardness of a material, i.e short bond lengths

tend to suggest the existence of a robust bond connecting atoms and vice versa. From

Table 5.1, it was observed that the bond length of Niobium-Carbon/Nitrogen for both
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compounds in the identical structures recorded almost similar values of the bond lengths.

The variation in the values ranges between 1.4 % and 2.8 % which can be associated with

minor variation in atomic radii of the two non-metals in the structures. Both carbon and

nitrogen are almost of the same size. For both compounds, the longest bond length was

obtained in RS, followed by ZB and WZ structure with the shortest bond length.

5.1.2 Lattice Parameters

By use of the Murnaghan equation of state, the energy-volume data was �tted

and used to determine the lattice parameters, Murnaghan (1944). The results for

Murnaghan equation �tting were obtained from the calculations done using PBE-ultrasoft

pseudopotentials. The results are as presented in Table 5.2.

Table 5.2: Calculated DFT-GGA Lattice parameters for NbC as well as NbN in
di�erent crystal structures

Crystal
height Calc. Theo. Expt Dev. %

a0 Å c=a a0 Å c=a a0 Å c=a

NbC (RS) 4.49 4.48a 4.47b +2.2232

NbC (ZB) 4.82

NbC (WZ) 3.70 1.10 3.71a 1.20a

NbN (RS) 4.38 4.44a, 3.11d 4.39e, 4.21f -0.2278, +4.038, respectively

NbN (ZB) 4.76 4.76c, 3.35d

NbN (WZ) 3.01 1.84 2.96c, 2.94d 1.84g

aPatricia et al. (2013), bIsaev et al. (2007),c Korir et al. (2011), dYang et al. (2014),

eToth (1971), fFernandez et al. (1992),gFontbonne & Gilles (1969)

The values of lattice parameters determined in this study were comparable with both

experimental and theoretical values where available. From the results obtained it was

clear that Niobium Carbide reported the highest values of lattice parameters for all

structures compared to Niobium Nitride. For instance, using GGA approach, NbC in ZB

has the highest lattice constant of 4.82 Å while NbN in WZ recorded the least value of

3.01 Å. An agreement between the obtained and the experimental values was noted for

both a and the c/a ratios. The deviation is between +4.038 % and -0.2278 %, Patricia
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et al. (2013), Korir et al. (2011), Isaev et al. (2007), Yang et al. (2014), Toth (1971),

Fernandez et al. (1992) and Fontbonne & Gilles (1969).

5.2 ANIONIC VACANCIES FORMATION

Transition metal carbides and nitrides are usually synthesized under conditions of high

temperature and pressure, Ningthoujam & Gajbhiye (2015), where under these conditions

anion vacancies are the most energetically favourable type of defects compared to other

forms such as cationic defects among others, Tsetseris et al. (2007). In this study, the

vacancy formation energies have been obtained using large supercells so as to minimize

the errors associated with vacancy self-interaction. For the cubic structures of the two

systems, supercells of size 3x1x1, 2x2x1, 3x2x1, 2x2x2 and 2x3x2 representing 24, 32,

48, 64 and 96 atoms, respectively, were used. On the other hand, 12, 16, 24, 32 and 48

atoms generated from supercells of size 3x1x1, 2x2x1, 3x2x1, 2x2x2 and 2x3x2 were used

in the hexagonal structures.

After generating the supercells of di�erent sizes, the suitable defect site was established.

This was achieved by calculating the formation energies of defects at di�erent sites and

selecting the one with lowest value of formation energy as the most preferred site to be

used even in subsequent calculations. Figure 5.2.1 shows the anionic vacancy sites in 3

crystal structures.
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Figure 5.2.1: An illustration of anionic vacancy site atV0 in rocksalt, zincblende and
wurzite crystal structures of Niobium Nitride and Niobium Carbide.

The optimized bulk lattice parameters were used to optimize the defective structure

before proceeding with other calculations. The vacancy formation energy for both NbN

and NbC in the three crystal structures was determined using the equation 5.2.1;

� Ev = Ev � Es + � C
N

(5.2.1)

Ev and Es represent the total energies of the supercells with defects and the

stoichiometric, respectively while� C
N

is the chemical potential for the non metals as

computed by Yu et al. (2015) and Balasubramanian et al. (2018a). The calculated

formation energies of di�erent vacancy concentrations in NbC and NbN are as shown

in Figure 5.2.2.

In general, the formation energies can either be positive or negative. The positive

values indicate that the defects can only occur under non-equilibrium conditions whereas

for negative values of formation energies the defects tend to occur under equilibrium

conditions. As presented in Figure 5.2.2, for the carbide within rocksalt, zincblende and

wurzite crystal structures, the formation energies were negative. This indicates that the

formation of anionic vacancies is favourable under equilibrium conditions these vacancies

are likely to occur. Comparing the 3 structures, the rocksalt structure was established to

favour most the formation of the carbon vacancies in comparison to zincblende as well
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Figure 5.2.2: Formation energies of (a) C in three crystal structures of Niobium
Carbide together with (b) N in Niobium Nitride.

as wurzite structures. However, the values of formation energies tend to move towards

the positive with increase in defect concentration, well illustrated in Figure 5.2.2. For

instance, the formation energy in RS structure increases upto 8% which is the maximum

percentage used while in ZB and WZ beyond 4% there is negligible rise in values of

formation energy.

Similarly, the defect formation energies of nitrogen in rocksalt, zincblende and wurzite

structures of NbN were also determined. The anionic defects tend to be more likely

to occur in WZ structure as compared to ZB as well as WZ. For the nitride, the

formation energies increases sub-linearly up to 8 % implying that defect formation at

high concentration is likely not possible. The RS and ZB structures have high values

of defect formation energies which is an indication that N vacancies are not favoured in

nitrides. In ZB the increase in formation energy tends to be marginal especially after

4 % while in RS similar trend occurs beyond defect concentration of 6 %. Thus, the

anionic defects are anticipated to be stable and likely to occur in NbC as supported

by negative formation energies compared to positive formation energies in NbN. These

observations are in agreement with other studies, Seung-Hoon et al. (2001), Yu et al.

(2015), Balasubramanian et al. (2018a) and Tsetseris & Pantelides (2008)
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5.3 CHEMICAL BONDING

5.3.1 Electronic Structure of Pristine Systems

The mechanical properties of both NbC and NbN are well understood by calculating

the electronic band structure together with the partial density of states (PDOS). TMCs

are characterised by complex chemical bonding whereby they have covalent, metallic

together with ionic bonding character. This is supported by the existence of the physical

properties of these materials which include high hardness as well as high melting points.

These properties are typically present in solids which have either ionic or covalent type

of bonding. It has been noted earlier on that NbC has high thermal and electrical

conductivity properties which are as a result of metallic bonding. All these �ndings

have been supported by extensive studies reporting on the electronic structure of TMCs

systems such as, Gubanov et al. (2005), Benco (1997), Hugosson et al. (2001), Vojvodic

& Ruberto (2010), Korir et al. (2011). From the literature, the covalent bonding give rise

to the main characteristics of these materials due to the hybridization of the 4d orbitals

of the metallic atom such as Nb and 2p orbitals of the nonmetallic atom such as carbon,

Gubanov et al. (2005). Similar results were obtained from our study. Figures 5.3.1 to 5.3.3

show the band structure together with projected density of states of Niobium Carbide as

well as Niobium Nitride in the rocksalt, zincblende along with wurzite structures.

According to Figures 5.3.1-5.3.3, at the symmetry points the levels are connected by

smooth curve. The bands cross each other as a result of relative magnitude of the e�ective

mass. From each of these �gures, the conduction band is formed by 4d states of Nb and

2p states of either C or N. However, the hybridization of the 2p and 4d states is less strong

in the valence band and the bands tend to be curved. The electronic PDOS suggest that

the formation of the chemical bonds is due to the carbon/nitrogen and niobium atoms.

The regions near the Fermi level are dominated by the unoccupied 4d-Nb states. The

peak of the PDOS corresponding to the 4d states are at 5 eV, -2 eV and -5 eV in RS, ZB

and WZ structures. Figures 5.3.1- 5.3.3 only shows the states responsible for bonding in

NbC and NbN. However, other core states such as 2s of C/N and 5s of Nb are ommited
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as they do not take part in bonding.
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(a) NbC

(b) NbN

Figure 5.3.1: Combined band structure together with PDOS of defect free Niobium
Carbide as wel as Niobium Nitride in rocksalt crystal structure, respectively.
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(a) NbC

(b) NbN

Figure 5.3.2: Combined band structure together with PDOS of defect free Niobium
Carbide as well as Niobium Nitride in zincblende crystal structure, respectively.
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(a) NbC

(b) NbN

Figure 5.3.3: Combined band structure together with PDOS of defect free Niobium
Carbide as well as Niobium Nitride in wurzite crystal structure, respectively.
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According to Toth (1971), Yefei et al. (2011), Gou et al. (2008) NbC exhibits metallic

behaviour with Fermi level being characterised by non-zero PDOS values. The NbC

system has strong covalent bonding as a result of the role of hybridization of the Nb

and C states which overlap. From Mulliken charge population test Nb atoms have 0.29e

positive charge while on the other hand, C atom has 0.29e which is a negative charge. The

strong covalent bond contributes to the incompressibility of the carbide. Similarly, the

d-p hybridization in NbN accounts for the incompressibility of the compound as shown

in Figure 5.3.4.

Figure 5.3.4: PDOS of NbC and electron density Liu et al. (2017).

In both NbC and NbN, there is octahedral coordination formed by the metallic and the

non-metallic atoms. During chemical bonding, the valence shell of the metallic atom has

an electronic con�guration of 4d45s1. The d orbitals of this shell are partially occupied

and they are the orbitals responsible for the formation of a chemical bond with thep

orbitals of the carbon or nitrogen atom. There exists degenerated orbitals meaning they

have the identical energy of the isolated Nb atom.

5.3.2 E�ects of defects on the electronic Structure

Most of the studies which have reported on the electronic structure of TMC/Ns are

performed on systems with stoichiometric composition and e�ects of vacancies are

neglected. There are very scarce studies reporting either from experimental or theoretical
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perspective the e�ects of the vacancies on both the bonding and the electronic structure of

NbC and NbN. Vacancies are known to distort the crystal structures and in turn change

the chemical bonding especially in the vicinity of the defects. In general, higher defect

concentration (vacancy) increases the metal-metal bonds while the covalent bonding

character tend to diminish, Klein et al. (1980), Pickett et al. (1986), Krajewski et al.

(1998), Seung-Hoon et al. (2001).

In this study, changes in bonding were investigated due to the presence of anionic

vacancies introduced at di�erent concentrations. The vacancies a�ect the bond-lengths

of the materials as well as the electronic structure. This study analysed the projected

density of states (PDOS) of both the pristine systems as well as those with di�erent

defect concentrations so as to understand how the vacancies a�ect the electronic structure

of both NbC and NbN as shown on Figure (5.3.5 -5.3.7) as well as their mechanical

properties.
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Figure 5.3.5: PDOS for Niobium Carbide as well as Niobium Nitride in rocksalt
crystal structure, (i) Pristine Niobium Carbide, (ii) Niobium Carbide with 8% Carbon
vacancies, (iii) pristine Niobium Nitride, and (iv) Niobium Nitride with 8% Nitrogen
vacancies. Dotted line at 0 eV is the Fermi level.
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Figure 5.3.6: PDOS for Niobium Carbide as well as Niobium Nitride in zincblende
crystal structure, (i) Pristine Niobium Carbide, (ii) Niobium Carbide with 8% Carbon
vacancies, (iii) pristine Niobium Nitride, and (iv) Niobium Nitride with 8% Nitrogen
vacancies. Dotted line at 0 eV is the Fermi level.
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Figure 5.3.7: PDOS for Niobium Carbide and Niobium Nitride in wurzite crystal
structure, (i) Pristine Niobium Carbide, (ii) Niobium Crbide with 8% Carbon
vacancies, (iii) pristine Niobium Nitride, and (iv) Niobium Nitride with 8% Nitrogen
vacancies. Dotted line at 0 eV is the Fermi level.

From Figures 5.3.5 (ii, iv), there are dominant peaks near -5 eV and 4 eV for the Niobium

Carbide and Niobium Nitride in rocksalt with defect concentration of 8 %. These values

were obtained with reference to the shifted Fermi level as shown on this �gure. The

peaks are associated withp and d orbitals bonding between the metal and the C/N

atoms which results into covalent nature. This trend is noted in other structures too.
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However, the sizes of the peaks di�er depending on the system. For example, for NbC

in ZB the intensity of the Nb 4d peak appears at 2 eV while for the nitride the height

of the dominant peaks are at 1 eV showing a reduction. Thus, pd bonding is anticipated

to reduce in nitrides compared to carbides as shown on Figure 5.3.6 (ii, iv). As shown

on Figure 5.3.7 (ii, iv), the presence of carbon vacancies in WZ crystal structure slightly

increases the intensity level of the peak at 0 eV although an increase on the height of

peaks was noted for the ones located at 4 eV in both carbides and nitrides. Also, as

the C/N vacancies increased the intensity of states near the Fermi level also increased

for all structures considered in this study. This is as a result of dd bonding between the

transition metal atoms due to the decrease in C/N atoms in the system which induces

a transition of the NbC and NbN from covalent to metallic nature in terms of bonding.

This reduces the strength of the bonds and as a result the mechanical properties also

reduces.

5.4 MECHANICAL PROPERTIES OF PRISTINE NIOBIUM CARBIDE

TOGETHER WITH NIOBIUM NITRIDE

The study of mechanical properties of NbN and NbC is crucial in understanding the

response of these materials to applied forces. Elasticity is one of the important properties

of a material that describe its response to an external strain that may be applied on

it. Moreover, it also gives key information about the bonding strength that exists

between nearest neighboring atoms. These features are only realized when the elasticity is

calculated accurately and in turn help in understanding microscopic mechanical properties

of compounds as well as in the design of hard materials. Nowadays mechanical properties

can be calculated using �rst-principles calculations which have proven to be not only

accurate or in good agreement with measurements but also can be useful under extreme

conditions of high temperature and pressure which may not be accessible to experiments,

Zhigang et al. (2008). DFT calculations often provide reliable results which compare very

well with the experimental data thereby providing complementary information, Zou et

al. (2015). Elasticity of materials is characterized by several parameters among them the
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elastic constants. The elastic constants can be determined by the knowledge of curvature

of the energy curve plotted as a function of strain as a result of speci�c deformations of

the cell or using the stress-strain relationship.

In this study, the elasticity of the materials considered is characterized by the elastic

constants of the respective materials. For the cubic crystal structures, three independent

elastic constants namely,C11, C12 and C44 are obtained while for the hexagonal structure

�ve independent elastic constants are determined, namely,C11, C12, C13, C33 and C44.

The calculated elastic constants for the two systems in the di�erent crystal structures

are as presented in Table 5.3. Elastic constants are also used to measure the mechanical

stability of materials by satisfying the Born criteria, Qi-Jun et al. (2014). The criteria

is satis�ed when for the cubic systemC11 � C12> 0, C11> 0, C44> 0, C11 + 2C12> 0 while

the following has to be observed in hexagonal structure;C33> 0, C44> 0, C12> 0, C11> C12,

(C11 + 2C12)C33> 2C2
13. These criteria were satis�ed by the systems under consideration.
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Table 5.3: Calculated DFT-GGA elastic constants of Niobium Carbide together with
Niobium Nitride in di�erent crystal structures

Structure C11(GPa) C12(GPa) C13(GPa) C33(GPa) C44(GPa)

NbC (RS) 666.90 ,

667.00a ,

627.10

115.90,

121.00c,

134.60b

180.50,

164.30b,

151.00c

Expt. NbC

(RS)

620.00d 200 d 150.00d

NbC (ZB) 282.00 168.00 71.00

NbC (WZ) 589.77 192.28 92.33 815.02 216.34

NbN (RS) 603.50,

718.00e

152.00,

134.00e

66.30, 101.80

e

Expt.

works NbN

(RS)

739.00f ,

608.00d

161.00f ,

122.90f

76.00f ,

117.00b

NbN (ZB) 277.70,

287.80e

189.80,

217.20e

35.30, 23.90

e

NbN (WZ) 520.52,

560.00g,

544.90h

222.17,

220.00g,

217.40h

144.58,

132.00g,

140.40h

808.21,

770.00g,

739.10h

206.83,

216.30g,

241.40e

aZhigang et al. (2008),bRathod et al. (2011) , cZaoui et al. (2005),dWeber (1973),

eLi & Liu (2012), fXiao Jia et al. (2005),gZhen-Hua et al. (2011),hZou et al. (2015)

Table 5.3 shows the elastic constants of NbC as well as NbN in the three structures studied

in this work which are compared with the available experimental and theoretical values.

In RS, both C11 and C12 are overestimated when compared with the experimental data

while C12 is underestimated by 42.075 % in RS structure of NbC. Speci�cally, theC11 for

the NbC RS crystal structure was overestimated by 7.57 % implying that DFT simulations

tend to predict relatively harder materials than experimental work. From Table 5.3 it can
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be noted that there is an agreement between the calculated values from this study and the

available experimental data although there is some slight variance. For computational

studies such as the �rst-principles calculations, the simulations are performed under ideal

conditions and the systems are assumed to be perfect crystals although for experimental

work such structures are unrealistic. The experimental conditions are almost unattainable

in theory leading to the variance between experimental work and the theoretical work.

Figure 5.4.1 shows the trend of elastic constants of Niobium Carbide aas well as Niobium

Nitride as compared to Silicon Carbide and cubic Boron Nitride which are traditional

hard materials. For all the structures considered in this study,C11 was found to be

the highest among all the elastic constants computed in all structures except for ZB

structure. Also it was noted that Born criterion was obeyed by all the independent

elastic constants, Born & Huang (1954). This con�rms that these systems are indeed

mechanically stable.

Figure 5.4.1: Calculated elastic constants of NbC along with NbN in rocksalt,
zincblende as well as wurzite crystal structures.

As presented in Table 5.3, Niobium Carbide was established to have higher values of some

of the elastic constants which includeC11 , C33, and C44 in all its structures compared

to Niobium Nitride. Similarly, Niobium Nitride recorded the highest values of onlyC12

in all its structures compared to Niobium Carbide. Finally, it was also noted that the

calculatedC33 values were the largest amongst all the other elastic constants as observed

in the wurzite structure of Niobium Carbide as well as Niobium Nitride. Thus, these
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compounds are predicted to o�er high resistance to compressive stress as shown in Table

5.3. The results of the carbide were compared to other carbides, with SiC being the chosen

carbide used for comparative purpose. SiC reported higher value ofC44 while the values

of the other two elastic constants i.eC11 together with C12 for the cubic structure were

basically lower in comparison to those of other compounds studied in this work. Based on

the high elastic constants observed in rocksalt and wurzite structures, materials in such

structures are anticipated to exceed those in zincblende in relevance to hardness related

application.

5.4.1 Calculated DFT-GGA Bulk modulus (B), shear modulus (G), Young's

modulus (E), Poisson ratio (v), Voigt-Reuss-Hill moduli as well as

Vickers hardness (Hv) of both Niobium Carbide as well as Niobium

Nitride in three di�erent crystal structures

Apart from elastic constants, there are other crucial microscopic properties of materials

that need to be analyzed. One of them is the bulk modulus which provide a re�ection of

how materials resist compressive deformation. It gives a measure of how a material resists

volume change upon application of pressure. This property is dependent on the chemical

bonds, strength as well as compressibility of the bonds contributing to the ability of the

material to resist deformation. In general, bulk modulus is inversely proportional to bond

length, for example, the small atomic size of carbon together with nitrogen give rise to

short bond-lengths which result into large values of bulk modulus and elastic constants.

Bulk modulus can be determined using equation 5.4.1;

B0 =
2
9

C11 + C12 + 2C13 +
C33

2
(5.4.1)

In addition, shear modulus can also be used to determine the hardness of a material.

This parameter measures how a material responds to force under volume conserving shear

strain. In materials, it involves the stretching of metal-nonmetal bonds and bending of
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the metal-metal bonds, Goble & Scott (1985).

Table 5.4: Calculated DFT-GGA Bulk modulusBo, shear modulus (G), Young's
modulus (E), Poisson ratio (v), shear Voigt-Reuss-Hill moduliGV RH as well as Vickers
hardnessHv of both Niobium Carbide along with Niobium Nitride in three di�erent
crystal structures

Structure B0(GPa) G (GPa) E (GPa) v GV RH(GPa) Hv

NbC (RS) 300.0, 293.0a , 300.2b 275.5 518.0 0.21 214.0 28.0

Expt work 302.0c

NbC (ZB) 206.1, 204.9b 56.9 117.0 0.35 65.0 5.0

NbC (WZ) 305.4 196.6 511.0 0.22 209.0 26.0

NbN (RS) 302.5, 349.5d, 304.8b 225.7 297.0 0.33 111.0 8.0

NbN (ZB) 219.1, 224.9b 44.0 109.0 0.41 38.0 2.0

NbN (WZ) 332.0, 308.0e, 312.1f 173.5, 211.0e, 199.0g 461.0 0.26 182.0 18.0

Zhigang etal: (2008)a; Korir etal: (2011)b; Weber(1973)c; Li &Liu (2012)d;

Zhen � Hua etal: (2011)e; Zou etal: (2015)f ;

Broser etal: (1982)g

According to Table 5.4, the bulk moduli of NbC and NbN in identical structures is

comparable meaning that their resistance to change in volume is very close to each

other. On the other hand, the shear modulus of NbC in all structures is higher compared

to the values obtained in NbN structures. This suggests that the carbide suites the

hardness applications which involve twisting and shearing. However, the shear modulus

of NbC and NbN in the ZB was the lowest compared to other structures (57 and 44 GPa,

respectively) suggesting that this structure may not be appropriate in applications that

involve shearing.

Apart from ZB, RS and WZ were also considered in this study. For both NbC and NbN

systems, the WZ structure recorded the lowest shear modulus compared to RS structure.

This would imply that the cubic structure would give rise to higher resistance to mobility

of dislocations and thus suitable for shear related applications, Pauleau (1995).
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The sti�ness of the crystals was also determined using Young's modulus (E) as shown in

Table 5.4. as given by equation 5.4.2;

E =
9G

3 + k
(5.4.2)

with G being the shear modulus of the material and k the Pugh's ratio.

The rigidity of materials is indicated by high values of Young modulus as it gives the ratio

of linear stress to linear strain. According to the results attained from this study as shown

in Table 5.4, all structures of Niobium Carbide have high values of Young's modulus in

comparison to identical structures of Niobium Nitride. For instance, it was noted that

Niobium Carbide in rocksalt structure has the highest value of Young's modulus amidist

all the structures of Niobium Carbide as well as Niobium Nitride regarded in this study.

In general, Young's modulus of a material used for hardness related applications is

expected to be extremely high, as supported by data shown in Table 5.4. It is thus

anticipated that Niobium Carbide in rocksalt structure would work comparatively well

as materials with high Young's modulus in such application as a result of its high Young's

modulus as comparable with other structures of Niobium Carbide as well as Niobium

Nitride studied in this study.

The Voight-Reuss-Hill approximation on the shear modulus was used to provide the

magnitude of elastic anisotropy of the crystal, Pauleau (2012). The results presented on

Table 5.4 represents the elastic properties of the two systems whereby the carbide was

found to possess high values in all structures compared to the nitride.

High shear and high bulk modulus are some of the main characteristics of materials used

for hardness and related applications. However, the applicability of these materials is

not only limited to these mechanical parameters as there are other important parameters

that are necessary when determine the applications of these materials. One of these

important parameter is the toughness of a material which is used as a measure of the

degree of plastic deformation (ductility) of the solids under mechanical loading. In this

study, ductility of the systems of interest were explored using Pettifor criterion, Chung
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& Buessem (1967). According to this criterion, the values of Cauchy pressureC12 � C22

should be positive for metallic non-directional bonding compounds. For the region

where these values are positive the material is considered to be ductile. The Pugh's

modulus ratio criterion B=G, Pugh (1954), was also considered whereby the systems

with B=G > 0.57 are termed as brittle. Both Pettifor's and Pugh's criteria were used to

map the ductile together with brittle behaviour of NbC and NbN as shown in Figure 5.4.2.

Figure 5.4.2: Ductility and brittleness mapping of Niobium Carbide and Niobium
Nitride in di�erent crystal structures compared to Silicon Carbide and c-BN.

It is shown that Niobium Carbide in rocksalt and wurzite structures are brittle similar to

c-BN, while the zincblende structure of Niobium Carbide and all structures of Niobium

Nitride are ductile. Similarly, the Poisson ratio is another parameter that can be applied

to predict either the ductility or brittleness of a system. In such scenario, ductility

together with brittleness of a material, are set apart by a value of about 0.26. In the case

of where the value of Poisson ratio is greater than (less than) 0.26 the material coincides

to ductility (brittleness) behaviour, Haines et al. (2001). According to the data provided

in Table 5.4 these values range from 0.11 to 0.41. It is clear that Niobium Nitride in all

structures together with Niobium Carbide in zincblende have Poisson ratio above 0.26 and

therefore can be termed as ductile materials while Niobium Carbide in rocksalt together
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with wurzite structures have values below 0.26 implying that they are brittle. These

�ndings are consistent with the Pettifor's criterion presented earlier as shown in Figure

5.4.2. Pugh's ratio has been found to give a similar trend to that of Poisson's ratio and

B=G ratio for the materials of interest in this work. For instance, the �ndings of NbC

in zincblende and all structures of NbN show that these structures are ductile which is

consistent with earlier studies. Thus, the ductile materials can be used in applications

such as cutting and drilling while the brittle ones can be applied in aerospace related

applications and electronics.

Both the shear modulus and bulk modulus have signi�cant in�uence on the Vicker's

hardness of a material. By examining the data presented in Table 5.4, the brittle systems

are associated with high values of Vicker's hardness compared to the ductile structures.

Further, the study analyzed the hardness of di�erent structures of NbC and NbN through

the empirical scheme presented by Xing Qiu et al. (2011). This method provides a

correlation between the Vickers hardness as well as Pugh's modulus ratio of the material

considered as supported by equation 5.4.3;

Hv = 2( k2G0:585) � 3 (5.4.3)

where k , G and B are pugh's ratio,shear modulus plus bulk modulus.

Table 5.4 provides the Vicker's hardness of di�erent structures of NbC together with

NbN. NbC in RS had the highest value of Vicker's hardness of about 28 GPa. This value

is in comparison to that of SiC in zincblende structure which is 30 GPa, Wade-Zhu et al.

(2015). In addition, NbC in wurzite structure had a value of 26 GPa, which is comparable

to that of Niobium Carbide in rocksalt and SiC. From these �ndings the materials have

comparable performance in terms of hardness related applications as anticipated amidst

these systems. Other compounds, such as zincblende structure of Niobium Nitride as

well as Niobium Carbide, and Niobium Nitride in rocksalt had lower Vicker's hardnesses

of < 10, while Niobium Nitride in wurzite reported a higher value of 18 GPa. Using

the calculated values of Vicker's hardness, the materials have been classi�ed as hard,

superhard or ultrahard based on the magnitude of their Vicker's hardness as shown in
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Figure 5.4.3.

Figure 5.4.3: Classi�cation of Niobium Carbide together with Niobium Nitride in terms
of Vicker's hardness.
According to Figure 5.4.3, the various structures of NbC as well as NbN together with

SiC were found to be hard structures, while on the other hand, c-BN was classi�ed as a

super-hard material as its Vicker's hardness lies between 40 GPa and 80 GPa.

5.5 EFFECT OF DEFECTS ON MECHANICAL PROPERTIES

5.5.1 Elastic constants

The e�ects of anionic defects on mechanical properties of TMCNs is overlooked yet the

substantial concentrations of these vacancies have an impact on the mechanical properties.

Generalized Hooke's law, Cocco & Masin (2010), is used to investigate how materials

respond to forces via stress-strain relationship. There are several mechanical properties

of materials such as elastic constants, bulk and shear moduli, Young's modulus among

others that may be a�ected by the presence of defects in them. Elastic constants which
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are some of the main properties investigated in this work provide insights on how crystal

structure, bonding as well as stability of materials relate with each other by introducing

small distortions to the system, Mehl et al. (1994) and Ortiz et al. (2013).

The e�ects of defects on the elastic constants of NbC and NbN were investigated in this

study. These elastic constants are sensitive to di�erent defect concentrations. A trend

of decrease in elastic constants with rise in defect concentration is observed. The elastic

constants of both pristine and systems with defects were calculated. For the pristine

structures, the lattice as well as elastic constants were established to be accordant with

other studies, Muchiri et al. (2019), Korir et al. (2011). The observed decrease in elastic

constants with increase in defect concentration can be attributed to reduction in bonding

coordination number as a result of missing anionic atoms. Figure 5.5.1-5.5.3 represent

the elastic constants of the systems considered in this study.

Figure 5.5.1: Elastic constants of (a) Niobium Carbide together with (b) Niobium
Nitride in RS structure, respectively, as a function of C/N vacancies concentration.
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Figure 5.5.2: Elastic constants of (a) Niobium Carbide together with (b) Niobium
Nitride in ZB structure, respectively, as a function of C/N vacancies concentration.

Figure 5.5.3: Elastic constants of (a) Niobium Carbide together with (b) Niobium
Nitride in WZ structure, respectively, as a function of C/N vacancies concentration.

Di�erent elastic constants have varying response to the presence of defects concentrations

introduced into the systems. For instance, a marginal decrease inC12 together with C13

was noted in rocksalt as well as wurzite structures of NbC and NbN. This behaviour

can be attributed to the non-axial nature of the stress applied to the system. When

compared to other elastic constants such asC11, these former elastic constants were

found to have low values implying that small stress is required to be applied to a system

for any given strain. Therefore, the values of elastic constants are slightly a�ected by

the non-directional stress. Following further analysis of the data obtained, a signi�cant

reduction in C11 and C33 in WZ structure of NbN together with C12 for NbC in zincblende

was noted.

C11 for Niobium Carbide along with Niobium Nitride in rocksalt was found to decrease
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with increase in defect concentration while there was largely insensitive behaviour to

changes in anionic defect concentrations byC12 and C44. Following the di�erent defect

concentrations considered, there was decrease in values ofC12 and C11 by 54 % and

57%, respectively, in the ZB structure as the defect concentration rose to 8 % for NbC.

However, theC44 elastic constant was moderately a�ected by the presence of defects up

to 12 % for the NbC. On the other hand,C11, C12 as well asC44 of NbN were found

to decrease with increase in defect concentrations up to 4 % as shown in Figures 5.5.1 -

5.5.3, while beyond this concentration only marginal e�ect was noted.

Similarly, for WZ structure the C11 is strongly a�ected by the increase in vacancy

concentration especially in NbC where the decrease is quite signi�cant with a 40 % change.

Other elastic constants are slightly a�ected by anionic vacancies implying the decrease is

of low percentage. In NbN, there was a decrease inC33 with increase in anionic vacancies

concentrations although values of other elastic constants are moderately a�ected. For the

cubic and hexagonal structures, the Born criterion was used to determine the mechanical

stability of these structures, Born & Huang (1954), in the presence of defects. The

stability was tested up to a defect concentration of 8 %. The tests were done since

anionic vacancies are known to perturb the symmetry of systems and this may reduce

the stability of the materials involved. The retention of the mechanical stability of NbN

and NbC in the presence of defects suggests that the vacancies can occur in these systems

without their properties being signi�cantly compromised.

5.5.2 Calculated DFT-GGA Bulk modulus (B), shear modulus (G), Young's

modulus (E), Poisson ratio (v), Voigt-Reuss-Hill moduli as well as

Vickers hardness (Hv) of Niobium Carbide together with Niobium

Nitride in di�erent crystal structures

Apart from elastic constants, other mechanical properties such as Young's, shear and

bulk moduli are important when predicting the response of materials to forces and their

applications. These properties are determined using the expressions 5.4.2 and 5.4.1 as

given by the Voight-Reuss-Hill approximation, Hill et al. (1989), while Vicker's hardness

is determined using equation 5.4.3. These properties are as shown on Table 5.4 for the
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pristine form of NbC and NbN.

The mechanical properties are also a�ected by the presence of defects in a system. For

instance, the bulk modulus tend to decrease with increment in defect concentration

although the parameter remains unchanged up to a defect concentration of 1.5 %. Overall,

the bulk modulus decreases with increase anionic vacancies concentrations. Similarly,

Young's modulus is also a�ected by the defects with a notable decrease observed. There

was no change in Young's modulus beyond 4 %. The most a�ected structure is the RS

while the least is ZB which was insensitive to increase in anionic vacancies concentrations

resulting into negligible change on the values of Young's modulus. WZ structure gives

a steady linear trend on the changes of Young's modulus as the defect concentration

increase even at 8 % as shown in Figure 5.5.4.

Figure 5.5.4: Mechanical attributes of NbC together with NbN in rocksalt, zincblende
as well as wurzite crystal structures, respectively as a function of anionic vacancies
concentration. (a) bulk modulus (b) Young's modulus (c) Shear modulus (d) Vicker's
hardness.

Similarly, shear modulus as well as Vicker's hardness are a�ected by the rise in defect
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concentration. Beyond 1.5 % these properties decrease with di�erent rates as defect

concentration rises which is consistent with the trend formed by other properties as shown

in Figure 5.5.4 (c-d). The disparity in how the decrease happens may be attributed to the

varying bonding dynamics. The shear modulus decreased signi�cantly in WZ structure

and negligible changes happened in the ZB structure. For the Vicker's hardness, RS

had the largest decrease while the least took place in ZB structure. Overall, there

was a decrease in all the mechanical properties with increase in defect concentration.

Experimental work on RS structure of NbC and NbN was performed whereby there was

marginal decrease in shear modulus as the vacancy concentration increases up to 12.5 %,

Holleck (1986). However, our study considered lower concentrations but speculate that at

higher defect concentrations beyond 12.5 % dramatic drop in values of shear modulus and

other mechanical properties may emerge. This is because the current results achieved in

this study are in concurrence with other studies, Rathod et al. (2011), Gou et al. (2008),

Holleck (1986), which worked at lower concentrations. The Vicker's hardness of Niobium

Carbide as well as Niobium Nitride deteriorated in the three structures and maybe an

indication that these materials may not perform e�ciently in hardness related application

although they are classi�ed as hard materials. For instance, there was a decrease by 36

% of the Vicker's hardness at 8 % for NbC in RS. Thus, there should be of control of

defect concentrations in transition metal carbides and nitrides for their use in hardness

related applications.

The robustness of materials is determined by determining the toughness of materials

which measure the plastic deformation (ductility) of crystals when subjected to

mechanical loading. Pettifor criterion as applied to the pristine systems was used to

analyze the ductility of NbC and NbN using the Cauchy pressure (C12 - C44) where by

positive or negative represent ductile or brittle systems, respectively, Chung & Buessem

(1967). Moreover, the Pugh's modulus was used to determine the toughness of both

NbC and NbN. For G
B > 0.57 the system is brittle while for G

B < 0.57 the material is

ductile, Pugh (1954). Thus, this study considered the two criteria in analysing the e�ect

of defects on the toughness of Niobium Carbide along with Niobium Nitride in rocksalt,
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zincblende as well as wurzite structures as shown on Figure 5.5.5.

Figure 5.5.5: Brittleness and ductility maps of Niobium Carbide as well as Niobium
Nitride in rocksalt, zincblende together with wurzite as a function of anion vacancy
concentration (a) pristine (b) 2 % (c) 4 % (d) 8 %.

According to Figure 5.5.5, the rocksalt and wurzite structures of NbC were found to be

brittle for the systems in pristine nature and all structures of Niobium Nitride and ZB

of NbC were ductile. These results are consistent with those obtained by Muchiri et al.

(2019). Upon introduction of anionic vacancies the toughness was also found to change.

For example, for increased defect concentration up to 2 %, the brittleness of Niobium

Carbide in rocksalt as well as wurzite structures tend to reduce while Niobium Carbide in

WZ raises its ductility. It can thus be observed that ductility increases with rise in defect

concentration. Niobium Carbide in rocksalt becomes brittle at 4 % defect concentration

as the ductility of this system decreases with increase in defect concentration which

is attributed to the rigidity of the bonds induced by the anionic vacancies as shown

on Figure 5.5.5 (c). For the case of NbN in all structures the ductility behaviour is

maintained with negligible change as the defect concentration rises up to 8 %. Thus,

the vacancies concentration of up to 8 % tend to midly a�ect the ductility of NbN while

dramatic e�ects are noted in the case of Niobium Carbide as shown in Figure 5.5.5 (b -
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d).

Moreover, the Poisson's ration can also be used to determine the ductility and brittleness

of materials. Ductility as well as brittleness are set apart by a value of 0.26 whereby

ductile materials have a Poisson ratio more than 0.26 while for brittle ones the Poisson's

ratio is below 0.26, Haines et al. (2001).

The Poisson's ratio of NbC and NbN in di�erent crystal structures and defect

concentrations ranges between 0.21 and 041 for this study as shown in Figure 5.5.6. The

RS structure of NbC retains its brittleness nature even in the presence of carbon vacancies

up to 8 % although the values tend to decrease. In WZ, NbC gains ductility nature

beyond a defect concentration of 6 % while in ZB the NbC becomes brittle when vacancy

concentration rises up to 6 %. For Niobium Nitride in all structures, the system remain

ductile and is insensitive to the di�erent anionic defect concentrations. These results are

consistent with the �ndings observed earlier using Pettifor's and Pugh's criterion.

Figure 5.5.6: Poisson ratio for Niobium Carbide together with Niobium Nitride in
rocksalt, zincblende as well as wurzite for pristine structure and defective structures
with defects concentration between 1 % and 8 %. Britlle and ductile are separated by
the dotted line.
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5.6 EFFECTS OF TEMPERATURE ON THE MECHANICAL

PROPERTIES OF NIOBIUM CARBIDE TOGETHER WITH NIOBIUM

NITRIDE

This section focuses on how the elastic and mechanical properties of Niobium Carbide

together with Niobium Nitride in rocksalt, zincblende as well as wurzite structures are

a�ected by temperature within the range of 0 to 1500 K. Due to the high melting

points of the refractory materials, TMCNs including NbC and NbN can be used as high-

temperature materials with potential and application prospects at industries operating

at high temperature conditions such as aerospace industry. In practice materials contain

defects among them vacancies which tend to a�ect their mechanical properties. The

TMCs are known to maintain their crystal structure with a carbon loss of up to 25 % at

elevated temperatures. Studies on defects is critical in optimizing their use, for instance,

Muchiri et al. (2022) noted a substantial deterioration in mechanical properties including

the elastic constants of NbC and NbN with increase in vacancies concentrations. Elastic

moduli as well as elastic sti�ness constants of materials have primary importance when

designing and optimizing materials. For instance, Born criterion conditions, Born &

Huang (1954), have to be veri�ed when in search of novel materials that are mechanically

stable. For cubic structuresC44 > 0, C12 > C 12 and C11 + C12 > 0, and for hexagonal

structure C33 > 0, C44 > 0, C12 > 0, C11 > C 12, (C11 + 2 C12 ) C33 > 2C2
13 as

mentioned before. From this study all the structures studied at di�erent values of

temperature and defect concentrations have been found to be mechanically stable as

these Born criterion conditions are satis�ed. The stress-strain relationship as shown in

Figure 3.15.1 at di�erent temperature in the presence of various vacancy concentrations

have been determined in this study. As reported by Muchiri et al (2019) the di�erent

vacancy concentrations in a material do not a�ect the stress-strain relation. The curves

of this relation show the elastic deformation stage followed by the plastic deformation

stage. On the other hand, temperature only slightly a�ects the elastic deformation stage.

This is characterised by the thermal motion of atoms which become intense due to the
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increase in the temperature and this results into the movement of atoms from their initial

stable position. This movement is likely to result into plastic deformation. For instance,

according to the elastic constants of NbC and NbN this yield phenomena does not occur

especially at low temperatures but is quite prominent at high temperature such as 1500 K

as shown in Figures 5.6.1 - 5.6.3. Brittleness prevails in most of the structures of NbC and

NbN at low temperature below 1000 K. In some of the structures such as NbC in the zinc

blende crystal structure, the yield phenomena is more pronounced as the temperature

increases, suggesting that as the temperature rises the materials becomes ductile.

5.6.1 Elastic constants of Niobium Carbide along with Niobium Nitride with

defects at elevated temperature

From the obtained results, the elastic constants from the MD at room temperature

agree well with the corresponding results of static systems. Though there are limited

studies reporting on the experimental measurements of temperature dependence on elastic

properties of NbC and NbN, the reliability of the simulations in this study can be

shown by comparing with the available data. An earlier study has determined some

mechanical properties of NbC such as Young's modulus at room temperature, Sha�er

(1964). This study provides some experimental data that helps in comparing with the

current theoretical values from this work. From Sha�er's study, the Young's modulus

of NbC with di�erent defect concentrations were as follows; 478 GPa, 488 GPa and

451 GPa for NbC0:95, NbC0:964 and NbC0:969, respectively. Furthermore, the values

of shear modulus were 197.0 GPa, 198.7 GPa, 188.5 GPa forNbC0:95, NbC0:964 and

NbC0:969, respectively. This study reports on the mechanical properties of Niobium

Carbide in rocksalt, zincblende as well as wurzite from zero temperature to moderate

and high temperature ranging from room temperature to 1500 K which are typically

the working temperatures in the machining industry. The defect and temperature

dependency on mechanical properties of Niobium Carbide as well as Niobium Nitride

in the RS, ZB together with WZ crystal structures have been investigated and compared

with the available experimental and theoretical values. Figures 5.6.1 to 5.6.3 show the

dependency of elastic moduli of NbC and NbN on the temperature for di�erent vacancy
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concentrations.

Figure 5.6.1: Calculated elastic constants of (a) Niobium Carbide together with (b)
Niobium Nitride in rocksalt crystal structure at di�erent temperatures and defect
concentrations.
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Figure 5.6.2: Calculated elastic constants of (c) Niobium Carbide together with (d)
Niobium Nitride in zincblende crystal structure at di�erent temperatures and defect
concentrations.
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Figure 5.6.3: Calculated elastic constants of (e) Niobium Carbide together with (f)
Niobium Nitride in wurzite crystal structure at di�erent temperatures and defect
concentrations.

As both the temperature and vacancy concentrations increases, the values of elastic

modulus declines nonlinearly, Ruicheng et al. (2018). From 500 K to 1500 K representing

the working conditions of these materials the elastic modulus decreases nonlinearly.

It can be hypothesized that the elastic constants reduce due to increase in bonding

distance as a result of increased thermal movement of the atoms. In particular,C44

and C13 in rocksalt as well as wurzite structures as illustrated in Figures 5.6.1 and 5.6.3,

respectively, have marginal decrease ranging between 1 % and 20 % as the temperature

increases from 0 to 1000 K. Compared toC11 and C33 one observes that these elastic

constants have small values implying that they require less non-directional stress so as

to give rise to the corresponding strain. Similarly,C11 for Niobium Nitride in rocksalt

(Fig. 5.6.1b) and NbC in ZB (Fig. 5.6.2c),C33 for NbC in WZ (Fig. 5.6.3e) have

signi�cant reduction beween 34 % and 61 % in the values of their elastic constants as the

temperature rises from 0 K to 1500 K. For example, there is a decrease in the values ofC11

for NbC in ZB by 52.28 % and 53.72 %C33 for NbC in WZ as the temperature increases.
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C11 for NbN in RS is greatly a�ected by change in temperature and defect concentration

compared to the carbide. For instance, there is a change inC11 by 61.39 % in NbN with

RS crystal structure compared to 33 % in NbC (RS) as shown by the decrease in the

values presented in Figure 5.6.1.C12 for this structure tend to be insensitive to change

in temperature inspite of the presence of defects. For the ZB crystal structure,C44 was

found to be less a�ected by increase in temperature whileC11 decreases with increase in

temperature by 54 % and 56 % for NbC (Fig. 5.6.2c) and NbN (Fig. 5.6.2d), respectively.

For WZ structure, C12 for the NbN (Fig. 5.6.3f) decreases with increase in temperature.

There is mild e�ect on the values of other elastic constants with increase in temperature.

This is with the exception ofC33 as mentioned earlier.

5.6.2 E�ects of temperature on mechanical properties of
Niobium Carbide together with Niobium Nitride

Mechanical properties are very important when determining the applications of di�erent

materials. The properties explored in this study as a function of temperature include

the bulk modulus (B), Young's modulus (E), and shear modulus (G) as calculated

using equations 3.15.12 to 3.15.15. The hardness of the materials was determined using

equation 3.15.18 from the already calculated elastic constants. The calculated mechanical

properties are as illustrated in Figures 5.6.4 and Figures 5.6.5.
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Figure 5.6.4: Calculated bulk modulus for (a-b) Niobium Carbide and Niobium Nitride
and Young's modulus for (c-d) Niobium Carbide and Niobium Nitride , respectively, in
rocksalt, zincblende and wurzite crystal structures with di�erent defect concentrations
and temperature between 0 K and 1500 K.
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Figure 5.6.5: Calculated shear modulus for (e-f) Niobium Carbide together with
Niobium Nitride and Vickers hardness for (g-h) Niobium Carbide and Niobium Nitride
, respectively, in rocksalt, zincblende and wurzite crystal structures with di�erent
defect concentrations and temperature between 0 K and 1500 K.

Both NbC and NbN have comparable mechanical properties in all structures. A closer

look at the plots shows that the values of bulk modulus are slightly higher for NbN

compared to those of NbC. This study established that the bulk modulus, Young's

modulus and shear modulus decrease with increase in temperature for the two materials

in the three structures i.e rocksalt, zincblende and wurzite. This behaviour is attributed

to the weakening of the bonds as the temperature is progressively increased. Nonetheless

the decrease is only marginal for bulk, shear and Young's moduli. It has already been

established that di�erent vacancy concentrations result into di�erent values of strength

of the materials, Muchiri et al. (2022). The values of Young's modulus in both systems
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and all crystal structures are high compared to other mechanical properties indicating

the high rigidity of the materials. According to the results presented in Figures 5.6.4 and

5.6.5, NbC has high values of Young's modulus in cubic structure in comparison with

corresponding Niobium Nitride structures across the whole temperature range between 0

to 1500 K. These high values of Young's modulus provide an highlight of the possibility

of application of NbC where hardness is necessary. Similarly, temperature also in�uences

the strength of a material. As the temperature rises, the strength of the material reduces

and this happens due to the severe thermal motion in the material as the temperature

increases and the distance between internal atoms increases leading to reduced mutual

attraction and plastic deformation occurs. As the vacancy concentration increases the

strength of the material decreases as shown in �gures 5.6.4 and 5.6.5. Plastic deformation

of a material which describes its ductility is an important parameter when studying

materials. This study investigated the toughness of NbC and NbN and classi�ed each

structure as either brittle or ductile using Pugh's criteria, Pugh (1954). It reproduces

the ductility trends of Niobium Carbide in WZ as well as ZB and Niobium Nitride in all

structures. This is obtained from the criteria that G
B > 0.57 for brittle materials and G

B <

0.57 for ductile materials. The systems become more ductile with increasing temperature

as the strength reduces as shown in �gure 5.6.6. This becomes very clear when Figure

5.6.6 is compared with Figure 5.5.5 obtained at ground state.
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Figure 5.6.6: Maps of ductility and brittleness for Niobium Carbide and Niobium
Nitride in di�erent crystal structures with di�erent defect concentrations and
temperature ranging between 0 K and 1500 K.

5.6.3 Nudged elastic band calculations

Di�erent processes in materials such as crystalline solids are controlled by ion di�usion

through the mechanism of either vacancy mechanism or interstitial mechanism, Angsten

et al. (2014). For monoatomic close-packed crystals the atomic di�usion occurs through

vacancy mechanism which has been investigated in this study. The vacancy-mediated

self-di�usion are thermally activated process and the atoms migrate by passing through

an energy barrier by moving from a local energy minimum site to the nearest vacancy

site.

The vacancy formation energies of C/N in NbC and NbN have been determined in

previous studies, Muchiri et al. (2022). However, limited studies report on the vacancy

migration energy barriers of these materials. In this study, the transition states are

determined after locating the initial and �nal positions of the vacancy site in a supercell

using the Nudged Elastic Band method. The method is applied to �nd the minimum

energy path of the vacancy between the initial and the �nal positions for very speci�c

jump and the vacancy migration energy is determined as shown in Figures 5.6.7 to 5.6.9
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for the case of NbC and NbN respectively. These �gures provide a representation of

the transition states of Niobium Carbide and Niobium Nitride from the various defect

concentrations considered in this study.

Figure 5.6.7: Vacancy migration energy curve for (a) Niobium Carbide and (b)
Niobium Nitride, respectively, in RS with defect concentration of 3%.
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Figure 5.6.8: Vacancy migration energy curve for (c) Niobium Carbide and (d)
Niobium Nitride, respectively, in ZB with defect concentration of 2%.

Figure 5.6.9: Vacancy migration energy curve for (e) Niobium Carbide and (f) Niobium
Nitride, respectively, in WZ with defect concentration of 8%.

Figure 5.6.10 shows the calculated vacancy migration energies for Niobium Carbide plus

Niobium Nitride in RS, ZB as well as WZ with di�erent defect concentrations. Five
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discrete images were used along the initial and �nal states using defect concentrations

of 1.56 %, 2.08 %, 3.125 %, 4.160%, 6.25 % and 8.33 %. The migration energies were

determined for �xed cell geometries whereby the shape and size of the super-cell were

held �xed during NEB minimization. For the �xed cell geometries the migration energies

decrease as low carbon concentrations correspond to small lattice constants and bond

distances making the migration of the atoms fast. From the results obtained the barriers

are located at di�erent levels. The highest value of around 60 eV/atom RS structure,

followed by ZB at around 48 eV/atom and the least in WZ at around 2.5 eV/atom. It

can be observed that the values of vacancy migration energy for Niobium Carbide as well

as Niobium Nitride in identical crystal structure are close to each other due to nearly

similarity in size of C and N.

Figure 5.6.10: Calculated vacancy migration energy for Niobium Carbide together with
Niobium Nitride in rocksalt, zincblende as well as wurzite crystal structures.

5.7 DYNAMICAL PROPERTIES

Apart from mechanical stability, dynamical stability of Niobium Carbide as well as

Niobium Nitride are also very important to the application of the materials, and these
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were explored using phonon calculations. From the study, phonon dispersion curves were

achieved to represent either the stability or instability of these systems using 3n branches

for every crystal lattice containing n number of atoms per unit cell, Lakdja (2014). For

instance, the RS structure has 6 normal modes due to the presence of 3 acoustic and 3

optical nodes from the two atoms in the unit cell. A system is dynamically stable when

it has real and �nite frequencies of the normal modes otherwise it is considered unstable.

Figure 5.7.1 shows the phonon spectra of the pristine form of Niobium Carbide as well

as Niobium Nitride, in rocksalt, zincblende together with wurzite crystal structures.

NbC in the 3 structures as well as NbN in wurzite structure were found to be stable

as supported by the absence of imaginary frequencies which is in agreement with other

studies, Rathod et al. (2011), Ivashchenko et al. (2010). However, the rocksalt as well

as zinclende structures of NbN are unstable as a result of the presence of the imaginary

frequencies which is in agreement with the observation made by Isaev et al. (2007). Upon

the introduction of anionic vacancies, the dynamically stable structures in the pristine

nature retain their stability for defect concentrations ranging 1.56 % and 8 % in the ground

state while Niobium Nitride in rocksalt and zincblende structures become dynamically

stable as shown in Figure 5.7.2. Thus, low defect concentrations especially below 8 %

improves the dynamical stability of the unstable NbN resulting into phonon softening.
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